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ENTANGLEMENT

Possible states of particle 1: |Z1+〉, |Z1−〉 also |X1+〉, |X1−〉
Possible states of particle 2: |Z2+〉, |Z2−〉 also |X2+〉, |X2−〉

Entangled state:

|ψ〉 =
1√
2

(|Z1+〉|Z2+〉+ |Z1−〉|Z2−〉)

=
1√
2

(|X1+〉|X2+〉+ |X1−〉|X2−〉)
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NONLOCALITY

Measure Z component of particle 1

|Z1−〉
implies−−−−−−−−→ |Z2−〉

Alternatively, measure X component of particle 1

|X1+〉
implies−−−−−−−−→ |X2+〉

Implication: Choice of measurement on particle 1 decides the final
state of (the remotely located) particle 2.

Nonlocality!
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Most amazing demonstration of nonlocality

Experimental setup

Entangled photon pairs generated using
Spontaneous Parametric Down
Conversion (SPDC).

Photons move in different directions.
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Effective experiment
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Experimental results

S(b) 1 2

Double slit

D1 D2

Coincidence
counter

L 1
D

L 2

No first order interference is observed for photons 1.
For photons 2, first order interference is neither expected, nor
seen.
Photons 2 detected in coincidence with a fixed D1 show an
interference pattern!
But photons 2 do not pass through any double slit!
Ghost interference!
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Fringe-width of ghost interference

S(b) 1 2

Double slit
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Fringe width follows Young’s double-slit formula

w =
λD
d

with a twist:

Particle 2 doesn’t travel the distance D!

(CTP, JMI) Understanding Ghost Interference IPQI 2014 7 / 23



Fringe-width of ghost interference

S(b) 1 2

Double slit

D1 D2

Coincidence
counter

L 1
D

L 2

Fringe width follows Young’s double-slit formula

w =
λD
d

with a twist:

Particle 2 doesn’t travel the distance D!

(CTP, JMI) Understanding Ghost Interference IPQI 2014 7 / 23



Authors’ explanation
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Authors’ explanation
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Theoretical analysis

Theoretical analysis
Einstein-Podolsky-Rosen (EPR) state

Momentum entangled state discussed by Einstein, Podolsky and
Rosen1

ψ(y1, y2) =

∫ ∞
−∞

eipy1/~e−ipy2/~dp

Problems with the EPR state:

1 Difficult to normalize
2 Wave-function is unbounded in the space variable (y1 + y2).
3 Most likely, not realizable in practice

1A. Einstein, B. Podolsky N. Rosen, Phys. Rev. 47, 777 (1935).
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Theoretical analysis

Theoretical analysis
Generalized EPR state

Ψ(y1, y2) = C
∫ ∞
−∞

dpe−p2/4σ2
e−ipy2/~eipy1/~e−

(y1+y2)2

4Ω2 ,

Integration over p can be performed to obtain:

Ψ(y1, y2) =

√
σ

π~Ω
e−(y1−y2)2σ2/~2

e−(y1+y2)2/4Ω2
.

Uncertainty in momenta of the two particles:

∆p1y = ∆p2y =
1
2

√
σ2 +

~2

4Ω2 .

Position uncertainty:

∆y1 = ∆y2 =
√

Ω2 + ~2/4σ2.
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Theoretical analysis

Time evolution

For massive particles

Ψ(y1, y2, t) = e−iĤt/~Ψ(y1, y2,0), Ĥ = − ~2

2m
∂2

∂y2
1
− ~2

2m
∂2

∂y2
2

Alternately, for photons

Ψ(y1, y2, t) =
∫

dky1
∫

dky2 Φ(ky1, ky2,0)eiky1y1−iω(ky1)teiky2y2−iω(ky2)t

where ω(ky ) = c
√

k2
x + k2

y ≈ ck0 +
ck2

y
2k0

In time t , particle travels distance L
implies−−−−→ t = L/v0 or t = L/c

Finally, ~t/m = ~L/(mv0) = λL/2π or ct/k0 = λL/2π

After a time t0 particle 1 reaches the double-slit.

Ψ(y1, y2, t0) =
1√

π(Ω +
i~t0
mΩ

)(~/σ +
4i~t0

m~/σ )

exp

 −(y1 − y2)2

~2/σ2 +
4i~t0

m

 exp

 −(y1 + y2)2(
4Ω2 +

i~t0
m

)
 ,
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Theoretical analysis

Passing through the double-slit

Possibilities for particle 1:

Passes through slit A→ |φA(y1)〉
Passes through slit B→ |φB(y1)〉
Gets blocked by the slit→ χ(y1)

These three states are orthogonal: any state of particle 1 can be
written in terms of these:

|Ψ(y1, y2, t0)〉 = |φA〉〈φA|Ψ〉+ |φB〉〈φB|Ψ〉+ |χ〉〈χ|Ψ〉. (1)

The state after the double-slit:

|Ψ(y1, y2)〉 = |φA〉|ψA〉+ |φB〉|ψB〉+ |χ〉|ψχ〉, (2)
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Theoretical analysis

Gaussian states

Throwing away the blocked part of the wave-function,

|Ψ(y1, y2)〉 =
1
C

(|φA〉|ψA〉+ |φB〉|ψB〉), (3)

where C =
√
〈ψA|ψA〉+ 〈ψB|ψB〉 |φA〉, |φB〉 are already normalized states.

Assume: |φA〉, |φB〉 are Gaussian states:

φA(y1) =
1√

ε
√
π/2

e−(y1−y0)2/ε2 , φB(y1) =
1√

ε
√
π/2

e−(y1+y0)2/ε2 ,

(4)
where d ≡ 2y0 = slit-separation, ε is slit-width.
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Theoretical analysis

Entangled Gaussian wave-packets

The state which emerges from the double slit, now assumes the form

Ψ(y1, y2) = ce−
(y1−y0)2

ε2 e−
(y2−y′0)2

Γ + ce−
(y1+y0)2

ε2 e−
(y2+y′0)2

Γ , (5)

where c = (1/
√
πε)(
√

Γr + iΓi√
Γr

)−1/2 and

Γ =
~2

σ2 (1 + ε2+i~t0/m
4Ω2 ) + ε2 + 4i~t0/m + 5i~t0

4Ω2m

1 + ε2

Ω2 + 5i~t0
4Ω2m + ~2

4Ω2σ2

(6)

After a further time t ,
particle 1 reaches detector D1, particle 2 reaches D2.
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Theoretical analysis

Coincident counts and ghost interference

The probability of coincident click of D1 and D2 is given by
P(y1, y2) = |Ψr (y1, y2, t)|2, which has the following form

P(y1, y2) = |C1(t)C2(t)|2
(

exp

[
−

2(y1 − y0)2

ε2 + (λL1/πε)2
−

2(y2 − y0)2

γ2 + (λD/πγ)2

]

+ exp

[
−

2(y1 + y0)2

ε2 + (λL1/mε)2
−

2(y2 + y0)2

γ2 + (λD/πγ)2

]

+ exp

[
−

2(y2
1 + y2

0 )

ε2 + (λL1/πε)2
−

2(y2
2 + y2

0 )

γ2 + (λD/πγ)2

]
×2 cos [θ1y1 + θ2y2]) ,

where θ1 = 4y0λL1/π

ε4+λ2L2
1/π

2 , θ2 = 4y0λD/π
γ4+λ2D2/π2 .

fringe width of the pattern for particle 2 is given by

w2 =
λdD

d
+

γ4π

2dλD
≈ λD

d
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Theoretical analysis

Ghost interference

Probability of coincident counting of D1 and D2

P. Chingangbam, T. Qureshi, Prog. Theor. Phys. 127, 383-392 (2012).
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Theoretical analysis

Physics of Ghost interference

Entanglement leads to formation of a virtual double-slit for particle
2 (in coincident counting).
Because of entanglement each particle carried which-path
information about the other.
By detecting particle 2, one can tell which slit particle 1 passed
through.
By Bohr’s complementarity principle, no interference is possible in
such a situation.
By detecting particle 1 (sufficiently far) behind the double-slit, one
essentially erases the information about which slit the particle
passed through.
Consequently, one loses information on which virtual slit particle 2
passed through.
Interference is possible in this situation - ghost interference.
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Theoretical analysis

Two-color ghost interference

Entangled photons generated via spontaneous four-wave mixing
(SFWM) λ1 = 1530 nm, λ2 = 780 nm.
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Theoretical analysis

Two-color ghost interference: Theoretical analysis

Ψ(y1, y2) =

√
σ

π~Ω
e−(y1−y2)2σ2/~2

e−(y1+y2)2/4Ω2
.

Hamiltonian governing the time evolution,

Ĥ = − ~2

2m1

∂2

∂y2
1
− ~2

2m2

∂2

∂y2
2

~t/m1 = λ1L/2π and ~t/m2 = λ2L/2π.
After a time t0,

Ψ(y1, y2, t0) =
1√

π(Ω + i~t0
2MΩ )(~/σ + 2i~t0

µ~/σ )

exp

[
−(y1 − y2)2

~2/σ2 + 2i~t0
µ

]
exp

 −(y1 + y2)2(
4Ω2 + 2i~t0

M

)
 ,

where M = m1 + m2 and µ = m1m2
m1+m2

.
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Theoretical analysis
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Theoretical analysis

Two-color ghost interference: Theoretical analysis
Without the converging lens

The fringe width of the pattern for particle 2 is given by

w2 =
2π
θ2

=
λ2D

d
+

(λ1 − λ2)L2

d
+

γ4π2

dλ2D + d(λ1 − λ2)L2
(7)

For πγ2 � λ2L2, λ2L1, λ1L2, we get a simplified double-slit interference
formula,

w2 ≈
λ2(L1 + L2)

d
+
λ1L2

d
. (8)

For λ1 = λ2 we recover the formula of the original ghost interference

w2 =
λ2D

d
=
λ2(L1 + 2L2)

d
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Theoretical analysis

Effect of the converging lens

Effect of a lens→ a unitary transformation 2

Uf
(π/2)−1/4√
σ + iΛL

σ

exp

(
−y2

1

σ2 + iΛL

)
=

(π/2)−1/4√
σ̃ +

iΛ(L−4f )
σ̃

exp

(
−y2

1

σ̃2 + iΛ(L− 4f )

)
,

σ → initial width of the wave-packet
L → distance travelled by the wave-packet before the lens.

σ̃2 +
Λ2(L− 4f )2

σ̃2 = σ2 +
Λ2L2

σ2 . (9)

Satisfies the thin lens equation

1
v
− 1

u
=

1
f

1
T. Qureshi, Prog. Theor. Phys. 127, 645 (2012).
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Theoretical analysis

Two-color ghost interference
In the presence of a converging lens

A simplified double-slit interference formula, 3

w2 ≈
λ2(L1 + L2 − 4f )

d
+
λ1L2

d
.

Probability of coincident counting of D1 and D2
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3
S. Shafaq, T. Qureshi, Eur. Phys. J. (2014) (in press); arXiv:1308.4680 [quant-ph].
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Theoretical analysis

Conclusions

Ghost interference is the combined effect of
virtual double-slit formation due to entanglement
quantum erasure of which-path information

No first-order interference behind double-slit→ because
which-path information for particle 1 is carried by particle 2.
Interference for particle 1 can also be obtained by
coincident-counting it with a fixed detector for particle 2.
Prediction: In the two-color ghost interference, the fringe width of
photon 2 pattern depends on the wavelength of photon 1 too!
Can be verified in a modified experiment
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