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For the long period from 1935 to 1964, until Bell’s work 
was published [J. S. Bell, Physics 1, 195 (1964)] discussions about 

entanglement were purely meta-theoretical.

Quantum information theory has established 
entanglement as a physical resource and 

key ingredient for:
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Mathematical description of entanglement is 
necessary and involves its

Study of  serves as 
characterization and quantification of 

Entanglement

• Mathematical quantity that should capture the essential feature 
that we associate with entanglement

• Ideally should be related to some operational procedure
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ˆlogˆTrˆlogˆTrS ρρρρ −=−=

�����������

For arbitrary pure bipartite state        the 
entropy of entanglement              , 

namely von Neumann entropy of the 
reduced density matrix                            is given by

��ρ̂
)ˆ( ��ρE

�������� �� ρρ ˆˆ =

BBAA ˆlogˆTrˆlogˆTrS ρρρρ −=−=

0S =

0S ≠

serves as a good measure of entanglement
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Classically correlated states
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Can’t be represented as a arbitrary convex combination of 
direct product of single qubit states



Due to interaction of states with environment we 
always have mixed states in our labs

Several entanglement measures have been proposed
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Greater difficulty !
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)ˆ( ��ρFE

)ˆ( ��ρCE������������	
���					 )ˆ( ��ρCE

)ˆ( ��ρDE

Quantify the states which can be extracted from ��ρ̂

Quantify asymptotic pure-state required to create ��ρ̂

Related measure that interpolates between                  and)ˆ( ��ρCE )ˆ( ��ρDE
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“An elegant criterion to check whether a given state is 
entangled or not is given by Peres’

Positivity under partial transpose (PPT) of          ”��ρ̂

0    )ˆ(or  ˆ BA T
AB

T
AB ≥ρρ

A. Peres, Phys. Rev. Lett. 77, 1473 (1996)

0    )(or  ABAB ≥ρρ
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�
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�
jijijiji ;;

ˆˆ ρρ =where

“PPT criterion is necessary and sufficient for 
separability in the 2×2 and 2×3 dimensional cases, 

but ceases to be sufficient condition in higher dimensions ”
M. Horodecki, et.al, Phys. Lett. A 223, 1 (1996)
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“In continuous variable states (CV) the partial transpose operation 
acquires a beautiful geometric interpretation as 

mirror reflection in phase space”.
R. Simon, Phys. Rev. Lett. 84, 2726 (2000)

Using phase space variables and the Hermitian cannonical operators
we have 

for infinite dimension systems
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Commutation relation will be
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Peres-Horodecki PPT criterion: 
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34
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Arbitrary two qubit density operator in the 
Hilbert space               22 CC ⊗=�
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Basic variables of two qubit systems are
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The covariance matrix is given by

In 3×3 block form
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In symmetric states each block assumes the form
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A. R. Usha Devi, M. S. Uma, R. Prabhu and A. K. Rajagopal,
Phys. Lett. A 364, 203 (2007)
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A two qubit separable symmetric state is given by
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The state variables are given by
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which is of the form
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Following PT operation by a local rotation about the 
spin operators of the second qubit completely 

reverse their signs:

yy 22 σσ −→
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with the 3 × 3 real symmetric correlation matrix T, and 3 × 1 column s
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Collective observables of a N-qubit system are given by
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Collective correlation matrix involving first and second moments 
of       may be defined as
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Collective observables when expressed in terms of the constituent qubit 
variables as

( )[ ]

i
N

i

N

ii

ijij
N

N

jiijji

sSJ

tNJJJJ

2
1

 2
1

4
1,

  4
1

2
1

                  

  1

===

−+==+

�

�

=

=

α
α

βα
βα

σ

δσσ

21



Correlation matrix        assumes the form)( NV
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An arbitrary N-qubit system density matrix:
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2
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2121 21... NN NN T αααααα σσσρ �=

...)...( ⊗⊗⊗⊗⊗= III αµα σσ
where, α ���������	��	

µ�� ��������
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122 −N
Total number of parameters of the density matrix

permutation symmetry
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A. R. Usha Devi, R. Prabhu and A. K. Rajagopal,
Phys. Rev. Lett. 98, 060501 (2007)
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k qubit operator associated with each groups:
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2kth order variance matrix is given by



( )
( ) ( )

( ) ( ) �
�
�

�
�
�
�

�
=

kk

kk
k

BC

CA
V T ˆˆ

ˆˆ
2

Matrix form:

( )

)()()2(

)()()()( ˆˆˆˆˆ
 

kkk

k
j

k
i

k
j

k
i

k BABAC ji

−=

−=

Off diagonal block 

25

)()()2(       k
j

k
i

k
ij TTT −=

corresponds to 2kth order covariance among the 
inter group of multiqubits
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We have observed that the diagonal element of   with index
will be negative}...{ zzzzi =

1)2()( −== k
ii

N
ii TC

��%!����	������������	���	���	������	��	�

)2( k
iiC



� !���� �����	�����	

10 ;1
1)( ≤≤+= +

− xxPNN
xN

Noisy ψψρ

�
−=

=
2/

2/
22

N

NM

NN
N MMP Projection 

operator

�46	�����	�����8

125.0             2 ≤<= xN

29

1014.0           6
10625.0         4

≤<=
≤<=

xN

xN

7 	�����	�����8

1042.0           6
1089.0           4
125.0             2

≤<=
≤<=
≤<=

xN

xN

xN

.��	�����	� 	����	����	������	���������	���	���	������	��			 x



1	����	�������	�����	��	�����	��	���������	���	

������	�����	����
����	�����

�46	�����	�����8

12
1 ≤< x

N }...{ xyxxxi =x
N

x
T N

ii −
−

−=
1

1
2

30

7 	�����	�����8
12

1 ≤<+ xN }...{ zzzzi =x
N

x
T N

ii −
+

−=
1

1

Inseparability 
range

Negative 
diagonal 
element

Index



31



32


