Stronger E-D
Relations

Stronger Error-Disturbance Relations

Namrata Shukla

Post Doctoral Fellow
Harish-chandra Research Institute Allahabad

arXiv:1503.05085

February 18, 2016




Stronger E-D
Relations

@ Uncertainty Relations
@ Error-Disturbance Relations
@ New Error-Disturbance Relations
@ Comparison with Examples

@ Conclusions

it
N)
yel
)



Stronger E-D
Relations

Namrata
Shukla

Uncertainty
Relations

Uncertainty

m Uncertainty principle encapsulates the impossibility of
simultaneous measurement of two incompatible physical
observables.



Stronger E-D
Relations

Namrata
Shukla

Uncertainty
Relations

Uncertainty

m Uncertainty principle encapsulates the impossibility of
simultaneous measurement of two incompatible physical
observables.

m The Robertson version of the uncertainty relation
2
AA’AB? > 3| (¥[A, Bllv)|",

where AA? = (1| A%|y)) — <¢|A|¢>2-



Stronger E-D
Relations

Namrata
Shukla

Uncertainty
Relations

Uncertainty

m Uncertainty principle encapsulates the impossibility of
simultaneous measurement of two incompatible physical
observables.

m The Robertson version of the uncertainty relation
2
AAPAB? > 3[(W[[A, Bl
where AA? = (1| A%|y)) — <¢|A|¢>2-

m These uncertainty relations may happen to be trivial even
if the observables are incompatible on the state of system.
Stronger uncertainty relations by Maccone and Pati
capture the concept of incompatible observables.
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uncertainty principle in a crucial way as these are relations
concerning intrinsic quantum fluctuations for observables
of a quantum system.

Uncertainty
Relations

m In a realistic measurement scenario, we must couple the
system to a probe through an interaction and read the
result from the measuring apparatus.

m Arthurs and Kelly derived an expression akin to the
Robertson uncertainty relation for error €4 in measurement
of observable A and corresponding disturbance ng on
observable B

eans = 3|(¢I[A, B]lv)|
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m The Physical observables of the system to be measured
An=A®1 Bj,=B®I.



Measurement Process

St 50 m System and apparatus are initially non-entangled and in

Namrata states |'l/)>5 and ’¢>P

Shukla

Uncertainty m The Physical observables of the system to be measured
Relations Ain = A X ]I’ Bin =B X I.

m Fix an operator M (after measurement) to read off and
estimate of the value of A.
Mip =T M
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Measurement Process

System and apparatus are initially non-entangled and in
states [¢))s and |¢)p.

The Physical observables of the system to be measured
An=A®1 Bj,=B®I.

Fix an operator M (after measurement) to read off and
estimate of the value of A.

M, =T M

Aout UN(A®T) U, Bour = UN(B®T) U,

Moyt = Ut (T M) U

Noise €4 = \/(‘U! (Mout — Ain)? V),
Disturbance ng = \/(W| (Bout — Bin)* | W),

where V) = |¢)s ® |@)p.
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Error-Disturbance Relations

m Ozawa proved, for error-disturbance and intrinsic quantum
fluctuations for two incompatible observables

eans + €aAAB + AAng > |Cag|,

where |Cag| = 3|(¢|[A. B]v)].

M. Ozawa, Phys. Rev. A 67, 042105 (2003)
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eans + €aAAB + AAng > |Cag|,

Error-

Disturbance Where |CAB| = %|<”(/}‘[A7 B]|w>‘

Relations

m Hall's error-disturbance relation

eans + €aABoyr + AMoueng > [Cag|

M. Ozawa, Phys. Rev. A 67, 042105 (2003)
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Error-Disturbance Relations

m Ozawa proved, for error-disturbance and intrinsic quantum
fluctuations for two incompatible observables

eans + €eaAAB + AAng > [Cagl,
where [Cag| = 3[(¢[[A, B][¥)].
m Hall's error-disturbance relation
eans + ealBout + AMoyeng > |Cas|
m Weston et al. formulated a new error-disturbance relation

EA(AB + ABout) + WB(AA + AMout) Z 2|CAB|

M. Ozawa, Phys. Rev. A 67, 042105 (2003)
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C. Branciard, Proc. Natl. Acad. Sci. 110,°6742°(2013)
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Namrata 6124A82 + n%AA2 + 2€A’I’]B \/AAZABZ - C%B Z C?AB

For dichotomic set of observables A, B with eigenvalues
Ervor +1 and the states with (A) = (B) =0,

Distulrbance 2 2
Relations 6 nB
1 _ A
/ €l 773
+2 1 _C%BGAUB 1-— Z 1-— >CAB

C. Branciard, Proc. Natl. Acad. Sci. 110,°6742°(2013)
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m Branciard’s error-disturbance relation

QDB +IBAA + 2eans [ AARAB? — Cp > Cg

For dichotomic set of observables A, B with eigenvalues
+1 and the states with (A) = (B) =0,

62 2
4
/ 2 EE\ 773
+2 1—CABEAT]B 1-— Z 1-— >CAB

This gives strictly stronger bound than Branciard or
Ozawa Bound and signifies maximum Bell non-locality
among all well known error-disturbance relations.

C. Branciard, Proc. Natl. Acad. Sci. 110,°6742°(2013)
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New Error-Disturbance Relations

Theorem

For the noise operator No = Moy,: — Ain and corresponding
disturbance operator Dg = Bo,: — Bjp, if the system and the
probe are in joint state |V) = |¢)s ® |¢)p , the following
inequality holds:

atng > Ti(W|[A BllY) F i(V|[Moye, Bin] W)

Fi{W[[Ain, Bou] | W) + [(W|Na £ iDg| V)2,

where the sign is chosen such that £i(i|[A, B]|v) is positive
and |W1) is orthogonal to |W).

L. Maccone and A. K. Pati, Phys. Rev. Lett. 113, 260401 (2014)
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Example:Qubit System

m System, probe, observables and estimator
[¥)s = a[0) + BI1) = u[0), [¢)p = [1)

mA,=0,1, B,-,,:U;@}I, M, =1® oy



Example:Qubit System
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Shukla ‘¢>S — CE’O) =+ /8‘1> = U‘O>, ’¢>P = ‘1>

] A,',,:O';®]I, B,',,:Uﬁ/@}L Min:]l®0'x

_g* r_ t g — t
o o, = uoxu', o, = uoyu
u:(/B 5)7 X xH o Yy y

Comparison

with Examples where a = cos, B =sinf e®.
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Example:Qubit System

m System, probe, observables and estimator
[¥)s = al0) + B|1) = u|0), [$)p = 1)
m A, :0‘;@]1, Bin :U}@}L M, =1® oy

_g* r_ t g — t
(0% o, = uoxu', o, = uoyu
u:(/B aﬁ)’ X xH o Yy y

where a = cos, B =sinf e®.
m Coupling through CNOT interaction
U=Py®1+ P ® oy,

Po = [0)(0] and Py = [1)(1].
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+16 cos* fsin* fsin? ¢

Comparison
with Examples
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Branciard's EDR New EDR

€3\+772521 ei—l—n% > 2 —8cos®fsin?fsin® ¢
+16 cos* fsin* fsin? ¢

Comparison FOI’ Cb = 7r/2

with Examples

ea+ny > 1+ cos*(20)
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m |W1) can be generated by projecting any state |r) to the
orthogonal subspace of |V).

2.0

8)

L €
15 4

Figure : Error-disturbance relations for the fixed values of observables
and state such that [Cag| = 1.
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Example:Qubit System

Define the following,

|
Lozawa = €anB + €aAAB + AAng
|
Lranciard
_ \/ei\AB2 + B OA 4 2epney | DARAB? — Cg
|
(8, = S[A+ B iV Mo, Bill)

i (W[ Ain, Boutl W) — [(W|Na % iDg V)]
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u A,'n:O'X®]I, B,'n:Uy@]L Ml-n:]I@o-X




Stronger E-D

Relations

Comparison

with Examples

m |1h)s = cos0|0) + sinf|1), [¢)p = [1)

u A,'n:O'X®]I, B,'n:Uy@]L Ml-n:]I@o-X

B U=PRI1+ P ®o0y
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m [¢))s = cosh|0) + sind|1), |¢), = |1)
B A,=0x®I Bp=0,®1 Mp=1® o

B U=P®1+ P ®ok

L()Zuwtl
Lyyanciara
1,

(1
LNew

IC,

OW
0 T 2n
]

I = I I

Figure : 25% of states, show tighter bound for qubit initial states.
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Example:Qutrit System

m [¢))s = sinfcosp|0) + sinfsing|1) + cosb|2), |p)p, = |1)

mA,=5®I
Bin:5y®]1
M, =1® S,

5:,5y,S; being
spin matrices for
spin 1.
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St 50 m )5 = sinfcosp|0) + sinfsing|1) + cosf|2), |¢)p = |1)
ok mA,=5.®I
Bi, = Sy ®I
Min =1 & Sx

5:,5y,S; being
spin matrices for
spin 1.

Comparison
with Examples

m Qutrit CNOT

<

Il
[=NeNaNeNeNeNeNel S
coocoocoocoocorO
coocoocoocooroOO
[=NeN= NN NN}
coocoocooroOO
coocoorooo0O
=R NeNeNeNeNeNeNa]
HOoOooooooo
coroOoO0O0OOO



Example:Qutrit System

St E-D . . .
= m |¢))s = sinfcosg|0) + sinfsing|1) + cosb|2), |p), = |1)
mA,=5®I
Bin - Sy ® ]I LOzuwa
Mip =1® Sx Lgranciara
6 (1)
. 5
5:,5y,S; being .
spin matrices for 3
spin 1. 2
Comparison .
with Examples
m Qutrit CNOT 9
100000000 o
010000000 T
001000000 ) 0
000010000 | Figure : 47.1% of states, show
U=|000001000 . T
000100000 | tighter bound for qutrit initial
000000001
000000100 states.
000000010
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Theorem

For Noise operator Na and corresponding Disturbance operator
Dg defined as, Ny = My, — Ain and Dg = Bout — Bin, if the
system and the probe are in joint state |V) = |¢)s ® |¢)p, the
following inequality holds:
g 1y|2
eans + NeAA + eaAB — % |<‘V|NAADBaS:ANA|W )

_ 1[(V|AADp£IDgAAW )2 1 [(WINAABEBANAVE)? Cas|
2 AAng eaAB = |LAB

N

where Cap is defined previously and the sign is chosen such
that +i(V|[A, B]|v) is positive.
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Relations ] |¢>s = C059|0> + 5in9|1),
9)p = 1)

mA,=) (O'X®H), Bin =
0y®]L Min:]l®ax
with A = 0.01.

B U=PR1+ P ®oyx

Comparison

with Examples
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Qubit System

m [¢))s = cosB|0) + sinf|1),
6)p = 11)

mA,=A\ (O‘X®H), Bi, =
o, @I, Mipp =1® oy
with A = 0.01.

B U=PRI+P®ox

LO;uwn
Ly ane
4+ ‘Branciard
2)
‘New
5l IC,l —

0 T 2n

2]
Figure : 1.5% of states, show tighter bound for.qubit initial states.
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Qubit System

m |Y)s = cosf|0) + sinf|1),

@
|¢>p = ’1> LNew
=eang + NpAA + €pAB
m Ain = A (0x @), Bin = 1 [(W|NAADg £ iDg AN W )|?
Oy & ]Ia Min =I® Ox 2 €AnB
with A = 0.01. _ L (V]AADg £ iDgAAlWL) 2
2 AAng
B U=PRI+P®ox 1 [(W|NAAB + iBAN W) 2
2 epAAB
5
LO:(IMII -
4 Lysanciara  — |
2)
‘New
IC,l ]

0 T 2n

2]
Figure : 1.5% of states, show tighter bound for.qubit initial states.
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m Formulation of a new inherent fluctuation free
error-disturbance relation.

m Achieved better bounds than Branciard for some initial
states and specific measurement settings.

m Modification of Ozawa's error-disturbance relation for
product of variances.

m Better bounds than Ozawa and Branciard for some given
states.
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