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A device for generating collimated polychromatic light and for
concentrating scattered light from a fluid

Dhiman Biswas'
'B.Sc Physics, Ramakrishna Mission Residential College (Narendrapur)

Abstract. Here we have designed a device that can collect most of the light emitted by a long cylindrical
source of polychromatic light and collimate it in a intense narrow beam of light. Different possible aberration
are taken care of and losses are considered. We discuss an important application of this design concentrating
scattered light coming from a fluid, for example in the case of Raman scattering.

Keywords. Intense collimated polychromatic beam, scattered light from a fluid, Huygens principle in cylindri-
cal symmetry.

1. INTRODUCTION

Light and its strange behaviors have astonished physicists for centuries. From the very early days
of Newton, optical experiments have become an essential part of physics. One equipment that is
essential for most of the optical experiments is a white light source. And most often it also needs to
be a source of parallel beams.

To get a light source like this, is not so easy. There are some conventional methods with a pin
hole and collimators but they are not that efficient. One actually eliminates about 95% of the light
that is emitted by the main source like a filament bulb or a gas tube, so the 95% of the electrical
energy that we put in is also wasted. Importantly, the resulting source is of very low intensity,
because of which the observations become very difficult and inefficient.

Here I have designed an equipment that can give us highly intense white light source utilizing
most of the energy radiated from the main source as light. We will discuss that this devices light
gathering ability can be very useful for certain cases like Raman’s scattering experiment where we
have to do spectral analysis of light scattered from a liquid. As the scattered intensity varies as % it
becomes very difficult to do the measurements in high wavelength range. Here using this device we

can have the maximum intensity possible.

2.  WAVEFRONTS DUE TO AN INFINITELY LONG PERFECTLY CYLINDRICAL LIGHT
SOURCE

If we consider an infinitely long cylindrical light source of coherent light then, according to Huy-
gen’s principle [1], each point on its surface would act as a secondary source. The secondary
wavelets generated from those points would eventually superpose and create another wave front of
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same phase at A distance apart. Now as shown in Fig.1 all the wavefronts will be coaxial cylinders
and the rays will be perpendicular to the wavefronts hence with the axis. This is kind of obvious
because as there is cylindrical symmetry the rays will not know any other direction except radial
direction. First we will discuss this situation and discuss creation of collimated light from such a
source. This situation will be useful for concentrating light scattered from fluids using a laser light
source (as for Raman scattering experiments) as we will discuss in section 4. Later we will dis-
cuss that even for incoherent light, the geometry of the set up should lead to significantly intense
collimated light beams.

Resultant wavefront
Secondary wavelets

Main light
source

Figure 1. Wavelets and wave fronts for a cylindrical source of coherent light

3. DESIGN FOR COLLIMATED LIGHT SOURCE

The design for collimated intense light source has two parts 1) Concentration of incoming parallel
beams as efficiently as possible. ii) Production of parallel beams from a perfectly cylindrical gas
tube. We will discuss each of them in details below.

For efficient concentration of incoming parallel beams, the usual method of doing this uses two
lenses of different focal lengths. One lens has be of larger aperture than other. They must be aligned
in such a way that the rays get focused in the focus point of smaller lens by the larger lens. This setup
suffers from chromatic aberration as the focal length for different colors would be different (unless
one is using achromatic lens combinations). Though for usual laboratory experiments the aberration
can be neglected but it is better to use parabolic mirrors. In our setup we will use the parabolic mirror
so the issue of spherical aberration is also eliminated [2]. The arrangement of mirrors is shown in
the Fig.2. The calculation for output intensity with respect to the intensity of incident ray is shown
below.
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According to the polar equation of parabola

2f

r=—
1 — cos¢

ey

Now here OA = r5 and OB = r; as shown in Fig.2 (taking the focus of each parabola to be

the same point.)

2
Now 19 = _ 2 for secondary mirror
1 — cos(9)
ry = 72f1 for primary mirror
T cos(¢) Y
Now clearly
T2 fo
2 _J2 (2)
1
And also
22 3)
™ ay
Now from equation(2) and equation(3)
L_a
i a
And we also know that I o a—lz SO we can write:-
=1 1(%)2

Here:- f;=focal length of ith mirror
And a;= aperture of ith mirror
I,=intensity of incoming beam

I>=intensity of outgoing beam

Now we will discuss how to produce parallel beams from a long cylindrical light source.

Main part of the device is conical mirror of angle 45° and a long cylindrical light source. The
arrangement is shown in the Fig.3. Here we have to keep one thing in mind that the diameter of
the cylindrical gas tube should small compared to its length (say, less than 5% of its length). This
has to be done because the cylindrical source is of finite length and to minimize its edge effect
this source have to be very thin compared to its length. The full setup has three parts as shown
in Fig.3, the parallel beam emitter, absorber of imperfections and concentrator. As we discussed
earlier, cylindrical source will lead to emission of rays which are normal to the cylindrical axis (for
coherent light source). 45° angle conical mirror will convert these rays into parallel light beam.
The absorber of imperfections part is actually a cylindrical channel between other two remaining
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Polar angle , Primary mirror

Focus /
AN

[0/ ]

Secondary mirroJ

Axis

Figure 2. Arrangement of the mirrors for the concentrator

Carbon black coating Primary parabolic mirror

Mirror(a)

L

Main source

Secondary parabolic mirror

Il 1
|
Parallel beam emitter Absorber of imperfection Concentrator

Figure 3. The device
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Carbon black coating Primary parabolic mirror

Mirrcy o

|

Container with liquid

Secondary parabolic mirror

Parallel beam emitter Absorber of imperfection Concentrator

Figure 4. Modified setup for concentrating scattered light from a fluid, e.f. for Raman
scattering

parts with carbon black coating on the wall. The middle part is there to absorb all the rays that
are not parallel to the axis of the whole device thus eliminating the imperfections. This will take
care of the edge effects when the cylindrical light source is coherent. For incoherent cylindrical
light source there will be a good fraction of light even from the cylindrical part which will not form
parallel beam and this middle portion will absorb all that. Basically, for incoherent light source, the
use of cylindrical geometry of light source will help in getting strong intensity for parallel beam.
This parallel beam will then be focused by the third part which is the parabolic concentrator finally
leading to intense thin collimated light source. As we mentioned, use of parabolic mirrors eliminates
chromatic aberration hence white light source (as from a tubelight) can also be used to get collimated
white light beam.

4. MODIFIED VERSION OF THE DEVICE FOR CONCENTRATING SCATTERED LIGHT
FROM A FLUID

We now discuss an important application of this device for experiments where one has to study the
spectrum of scattered light from a fluid, like the experiment of Raman Effect. For this purpose,
we replace the main cylindrical light source of Fig.3 (e.g. gas tube) with a cylindrical cylindrical
container with the sample fluid. (The setup will work for the liquid sample as well as gas sample.)
One plane of the container will be transparent and the liquid will be illuminated by a high intensity
laser beam through that side. Now the liquid will act as a new cylindrical source, with the scattered
light emanating from the tube propagating in the perpendicular direction to the cylindrical axis (as
discussed in Sec.1). Rest of the mechanism is same as in Fig.2. Here all the scattered light will
be gathered and concentrated to a thin intense beam. The original laser light propagating along
the cylindrical axis should be absorbed either at the end of the tube containing the fluid, or at the
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back of the parabolic mirrors (with appropriate black coatings). The final collimated beam emerging
from the parabolic concentrators will almost entirely consist of the light scattered from the liquid,
significantly increasing the intensity of the scattered light for experimental analysis. The schematic
diagram of the arrangement is shown in Fig.4.

One experiment that can get benefited from this device is the Raman’s scattering experiment.
We know that the intensity of Raman lines is very low especially the anti stokes line as the probability
of anti Stoke transition is very low [2]. So if we use this device we can measure the wavelength of
those lines more efficiently. Many other UV and NIR based spectroscopies can also get benefited
from this device as they also face similar kind of problems due to low transition probability of certain
lines.

S. DISCUSSION AND CONCLUSIONS

There are several points one needs to be careful about for efficient functioning of this device. The
main light source has to be perfectly cylindrical for the main argument of Sec.1 to hold. Also, the
diameter of the circular cross-section of the cylindrical light source must be small compared to the
length of the cylinder. This is because the wave front emitting from the gas tube is assumed to be
perfectly cylindrical but in reality there will be slight curvature at the edges of the cylindrical wave
front. To minimize this, the gas tube has to be made longer in compare to its diameter. Again, we
emphasize that the argument of Sec.1 holds for coherent light source. For Raman scattering exper-
iment (as discussed for the modified device in Sec.3) where original source is a laser, the scattered
light will have strong coherent component, hence the device should work efficiently for that. Even
for incoherent light source (such as ordinary tubelight for white light source), the geometry of the
device (with long cylindrical source and 45° conical mirror) one should expect production of intense
collimated beam. One important part of the device is the mid section which has to be coated black to
absorb all the imperfect rays. So the mid section of the device has to be sufficiently long enough to
make sure that the rays that are reaching the concentrator are almost parallel to the axis of the device.
It should be clear that this design will work perfectly for sound waves as well. For reasonable size
of the device, one can have cylindrical source of ultrasonic waves (having coherent source will be
easy for sound waves). Then, with all the reflectors designed for sound waves, the device should be

able to produce thin collimated beam of ultrasonic waves which can have many applications.
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The effect of right-handed currents and dark side of the solar
neutrino parameter space to Neutrinoless Double Beta Decay

Pritam Kumar Bishee' ; Purushottam Sahu? | Sudhanwa Patra? *
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Abstract. We discuss how dark side of the solar neutrino parameter space and effect of new physics con-
tributions from right-handed currents can reveal the Majorana nature of neutrinos by the observation of the
rare process called neutrinoless double beta decay, i.e. the simultaneous decay of two neutrons in the nucleus
of an isotope (A, Z) into two protons and two electrons without the emission of any neutrinos i.e.(A, Z) —
(A, Z + 2) 4+ 2e~. While the standard mechanism of neutrinoless double beta decay with exchange of light
Majorana neutrinos, normal ordering and inverted ordering can not saturate the present experimental limit, and
quasi-degenerate light neutrinos are strongly disfavored by cosmology, we consider new physics contributions
due to right-handed charged current effects arising in TeV scale left-right symmetric model which can satuare
the experimental bound provided by KamLAND-Zen and GERDA.

Keywords: Solar Neutrino, Neutrinoless double beta decay, Majorana neutrinos.

1. INTRODUCTION

The recent neutrino oscillation experiments revealed that neutrinos have non-zero masses and mix-
ing, which calls for new physics beyond the standard model as the standard model of particle physics
predicts massless neutrinos. On the other hand, neutrinoless double beta decay(0v/303) is a unique
phenomenon whose experimental observation would reveal whether neutrinos are Majorana par-
ticles [1] which violates Lepton Number. Majorana particles are their own antiparticles. All the
fermions present in the standard model are of Dirac type and only the neutrino, being neutral, can
become the Majorana particle. The main parameter of Ov 30 is effective Majorana mass(m..) that
depends upon the absolute mass and mass ordering of the neutrino i.e. whether the neutrino mass
follows normal ordering (NO) in which third mass eigenstate is the heaviest or inverted ordering
(I0) in which the third mass eigenstate is lightest. This process also has the potential to tell us
about the absolute mass scale and mass ordering of neutrino. So Scientists around the world are
putting in enormous effort, and different experiments are going on to tell us about Ov 3/ process.
No positive signal has been observed yet in any of the experiment. But lower limit on the half-life

*e-mail:pritamkumarbishee @ gmail.com
T purushottams @iitbhilai.ac.in
fsudhanwa@iitbhilai.ac.in
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(T' /2) on neutrinoless double beta decay of different isotope i.e. 77 /o (X e1%6) > 1.5 x 10*%yrs from
KAMLAND-Zen[39], T} /2(Ge™®) > 8 x 10*>yrs from GERDA[46] and T} /(Te'3?) > 1.5 x 10%
yrs from the combined result of CURCINO & CUORE[41] has been found with 90% C.L .

The discovery of neutrino oscillation, which gives the evidence of neutrino masses and mixing,

has an enormous impact on our perception about the understanding of the universe. In the study
of particle physics, the most successful and well-accepted theory is the standard model (SM) of the
particle physics that has been found to agree with almost all experimental data up to current accel-
erator energy. All of the particles present in the SM have been experimentally observed. Despite
the immense success of the SM, it fails to explain some of the fundamental questions like non zero
neutrino mass, the mystery of dark matter and matter-antimatter asymmetry of the universe. So we
have to think beyond the standard model (BSM) of particle physics to explain all the shortcoming
of SM.
A well-motivated candidates of physics beyond the standard model is Left-Right Symmetric Model
(LRSM)[33-36]. It contains additional right-handed current compare to the SM. It explains light
neutrino mass via seesaw mechanism by normally adding right-handed neutrino to the model which
are absent in the SM of particle physics. It also provides the theoretical origin of maximal parity
violation which is observed in weak interactions while remaining conserved in strong and electro-
magnetic interactions. It is based on the gauge group SU(3)c x SU(2)r x SU(2)r x U(1)p_L.
Here the right-handed neutrino is the necessary part of the model. Neutrinos acquire their mass from
both Type-I and Type-II seesaw mechanism that arises naturally in the LRSM.

Neutrino oscillation experiments provide information about mass squared differences and mix-
ing angles i.e. (Am?, sin20). Here we always use (0 < 6 < 7/4), which is called the "light side”
of the parameter space. However, it misses the other half of the parameter space (7/4 < 6 < 7/2),
which is called the ”dark side”’[44]. Neutrino oscillation in vacuum depends on $in226, which is
equivalent for both light and dark sides of the parameter space. That’s why we only use the light
side of the parameter space. But in the case of matter effect i.e. non-standard neutrino interactions
(NSI)[42, 43], the dark side and the light side are physically inequivalent. The light side solution to
the solar neutrino problem is generally called standard large mixing angle i.e LMA solution, whereas
the dark side solution to the solar neutrino problem is called as Dark-LMA i.e DLMA solution.

In this paper, we study the effect of DLMA solution to the solar neutrino problem on neutri-
noless double beta (Ov33) decay for both of these standard and right-handed current mechanisms
and compare them with the standard LMA solution to the solar neutrino problem on Ov3( for both
mechanisms. This knowledge will help the future experiments to probe different energy range of
effective mass and find out the sensitivity on Ov3..
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2. STANDARD MECHANISM OF NEUTRINOLESS DOUBLE BETA DECAY

Standard model of particle physics is based on the gauge group SU(3)c x SU(2)r x U(1)y.

It contains only left-handed neutrino. Right-handed neutrino is absent in the standard model of

particle physics. Different experiments have found the half-life of different isotopes for Ov33. So

for standard mechanism, the inverse half-life (7 /o) for Ov343 is given as

2
me.|? (1

M,
T, 5]t = Y

where G is the phase factor, M, is the nuclear matrix element, m, is the mass of electron and mZ,
is the effective majorana mass. We know the value of G and M, of different isotopes. So the
main parameter of interest in Ov 3/ is the effective majorana mass(m’,) which is the combination

of neutrino mass eigenvalues and neutrino mixing matrix element. The effective majorana mass is

given by
3
ml, = > UZm; 2)
i=1
where U is the unitary PMNS mixing matrix and m; is the mass eigenvalues.
PMNS mixing matrix U is given by
1 0 0 C13 0 813671‘6
U=10 C23 S23 0 1 0
0 —s23 co3 —s13¢ 0 cy3
C12 S12 0 1 0 0
—S812 C12 0 0 6% 0 (3)
0 01/\0 0 %
where ¢;; = cos 0y, 5;; = sin6;;,0 is the CP violation phases and «, 3 are majorana phases.
if we put the value of mixing matrix U in eq.2 , then effective mass is
me, = |mlc%20%3 + masiycige’® + m35%3€m 4)

Here, the effective mass depends upon the neutrino oscillation parameter 612,015 and the neutrino
mass eigenvalues m;, mo and mg for which we don’t know the absolute value but we know the mass
squared differences between them. and we don’t know anything about the majorana phases.

. . 2
which is Am?,

2
atm

we know the value of Am? ,, (Am2,) = m2 —m? , it has a positive sign so always

ms > my. and we don’t know the sign of m2,,, (Am3,), which allows for two possible ordering of

neutrino mass i.e.

Am?

atm

(Am3,) = m2 — m?, for Normal Ordering(NO)

mf — mg, for Inverted Ordering(IO)
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Normal Ordering (NO) : m; < my << mg

o . _ 2 2 .
Here, m1 = miightest ; M2 = \/m7 + AmZ; ;

ms = \/m% +Am?2, + AmZ, 5)

Inverted Ordering (I0) : ms << my1 < mgy

_ . A 2 .
Here, m3 = Miightest ; M1 = /M3 + Amz,,.

Mo = \/mg) + AmZ,,, + Am? (6)

Oscillation Parameters ~ within 30 range

([29D
Am3,[107%eV?] 7.05-8.14
|AmZ, (NO)|[10~3eV?] 2.41-2.60
|Am3, (I0)|[10~3eV?] 2.31-2.51
sin® 61 0.273-0.379
sin® 613(NO) 0.0196-0.0241
sin® 613(10) 0.0199-0.0244

Table 1. The oscillation parameters like mass squared differences and mixing angles

within 3o range.[29]

In this paper, we symbolize 612 for the DLMA solution in presence of NSI and 6,5 as the
standard LMA solution. The 30 range of both 615 and 6pio are given in Table.2 [29, 30]. By
varying all the neutrino oscillation parameters in their 30 ranges and varying the Majorana phases
a and S from 0 to 27 range, we obtained the plot of effective mass as a function of lightest neutrino
mass i.e. mj,ma for NO and IO respectively in Fig.1 .

We plot the effective mass by putting LMA and DLMA solution for both NO and IO in Fig.1.
Here, the gray band(0.07 — 0.16 eV) refers to the current upper limit obtained from the combined
result of KamLAND-Zen and GERDA[46]. The region above this is disallowed. and the yellow
region is disallowed by the cosmological constraints on the sum of light neutrino masses[31] .

From the Fig.1, For NO, we found out that m}, for the DLMA solution is shifting into the
region between the NO and IO of LMA solution which is called as the desert region and m?, for

S?:Tl2012 sin20D12
min 0.273 0.650
max | 0.379 0.725

Table 2. LMA and DLMA solution for 6;2 to the solar neutrino problem.
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DISALLOWED REGION

0.100 KamLAND-Zen + GERDA

[eV]
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v
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0.001
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10 10 0.001 0.010 0.100

Miightest [€V]

Figure 1. Effective majorana mass mg, for neutrinoless double beta decay as a func-
tion of lightest neutrino mass for standard mechanism. Here the red and green band
correspond to the solution of 612 and 812 for NO , blue and magenta band correspond
to the solution of 62 and 6p12 for IO.
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the DLMA solution is found out to be higher than that of LMA solution. and when the mjghtest
increases, the overlap region between the LMA and DLMA solution also increases. For mijghtest €
[1073,1072]eV, we found that the minimum value of mY, for LMA solution is very small i.e. it
nearly vanishes. But for DLMA solution, in that region the minimum value of m/, remains the
same as the value when myjghiest < 10~3eV for NO.

But in case of 10, the maximum value of m”, for both LMA and DLMA solution remain same.
whereas the minimum value of m7, for DLMA solution is slightly higher than the LMA solution
which is nearly same. The overlap region between LMA and DLMA solution remains the same
throughout the value of Mmiightest. Here The DLMA solution fully overlaps with the LMA solution.
No considerable change is found between both of these solutions for IO. So mY, remains the same
for both LMA and DLMA solution in IO.

3. RIGHT-HANDED CURRENT EFFECTS TO NEUTRINOLESS DOUBLE BETA DE-
CAY

We believe that lepton number violating O35 transitions could be induced either by standard mech-
anism due to the exchange of light Majorana neutrinos discussed in previous section or by corre-
sponding new interactions. Since we have already found that standard mechanism can not saturate
the present experimental bound one has to go beyond SM framework and there exist many models
contributing to neutrinoless double beta decay [2-5, 11, 15, 17, 18, 20, 22, 23, 26]. In the present
work, we have considered new interactions arising from purely right-handed currents within left-
right symmetric models — parametrized in terms of the effective mass parameter or the half-life of
the nucleus — which can saturate the current experimental bounds and one can derive limits for light
Majorana neutrino masses, right-handed Majorana neutrinos, right-handed charged gauged boson
mass My, and its mixing with the left-handed counterpart gauge boson and the corresponding
gauge coupling gr.

We consider a left-right symmetric model with Type-II seesaw dominance[32, 37, 38] where
symmetry breaking occurred at TeV scale leading to right-handed charged gauge boson Wx and
right-handed neutrino Ny mass in the order of TeV scale. This leads to new physics contribution to
OvBp due to right-handed current via W — Wxr mediation and heavy neutrino exchange.

When we considered LRSM with Type-II seesaw dominance, the mass eigenvalues of the left
and right handed neutrinos are proportional to each other,

mLocMR (7)

As a result of this, the left and right handed neutrinos have the same PMNS mixing matrix.

UfMNS _ VéDMNS 8)
and the mass eigenvalues are related as follows: Normal Ordering (NO)(m1 = Miightest)

_ ]2 2 . _ 2 2 2
my = \/mi +AmZ,;; m3 = \/m1 +AmZ,, + Amzy, ,
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My =220y My = T2 g ©)
ms ms

Here we fixed the heaviest right-handed neutrino mass M3 for NO.
Inverted Ordering (I0)("3 = Miightest)

myi = \/m; ma = \/mg + Arrna,tm + ATnsol ?

My = 220 s My = 23, (10)
ma ma

Here we fixed the heaviest right-handed neutrino mass M, for 10.

When we considered the LRSM with Type-II see saw dominance where the effect of purely right
handed current along with standard mechanism is taken into consideration, the inverse half-life of a
given isotope for Ov/303 is given by

[Tipelir = G| 2| (Imel + mecl?)

M,
=G|—

Me

‘mV+N|2 (11)

ee

where m, is the effective mass arising due to left-handed neutrino in standard mechanism and mZ,
VEN|2 = |pLR2 =

is the effective mass arlslng due to purely right handed current. Also, here |m |m
|m¥, |2+ |mZ |2, where mZE is the total effective mass arising due to right-handed current in LRSM.

We know the expression for mY, that is given in eq.4 and the expressions for m? is given by

N CN 2 m3 2 M3 za
My = C12013 ‘|' s1aClg—e' + s7ge’
Ms mo
Cn
2 ma z
= - 012013 +312013€ + st3—e'’| (10)
M2 ms

9L
are the coupling constants of SU(2)1, & SU(2)r respectively and My, & Myy,, are the masses of

4 4
where Oy = (p?) (Q—R) (%X;) . Here typical momentum transfer (p) ~ 100 MeV , gr & g1,

the left and right-handed gauge bosons i.e W, and W, respectively that mediate the process. In this
paper, we denote My as the heaviest right-handed neutrino mass eigenvalue i.e. M3 for NO and M»
for 10.

In the present work, we have considered gr ~ gr,My = 1 TeV,My, = 80.379 GeV and
My, ~ 3.5 TeV [45]. By varying all the oscillation parameters in their 3o range[29] and Ma-
Jorana phases from 0 to 27, we obtained the plot of effective mass (mZf) as a function of lightest
neutrino mass for NO and IO by using both LMA and DLMA solution in Fig.2 .

From the Fig.2, For NO, we found that the effective mass(mZ) remains nearly the same for
the higher value of absolute mass i.e. Miightest > 0.03 €V, but that region is disfavoured by the
cosmological constraint. We observed that both the LMA and DLMA solutions for NO saturate
the higher value of effective mass limit provided by KamLAND-Zen and GERDA so that we can
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Figure 2. effective majorana mass mZJ? for neutrinoless double beta decay as a func-
tion of lightest neutrino mass from the contribution of right handed current.Here the red
and green band correspond to the solution of 612 and #p12 for NO, blue and magenta

band correspond to the solution of 612 and 6 p12 for IO.
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find the lower limit of absolute mass of the lightest neutrino. Here DLMA solution (Green band) is
shifted towards the left as compared to the LMA solution (Red band) implying that the lower limit
of absolute mass for DLMA solution is comparatively smaller than the lower limit of absolute mass
for LMA solution. But the mZf range is the same for both of these solutions for NO. So the lower

limit of absolute mass of the lightest neutrino for NO is found out to be
Miightest > 5.01 x 10™* ( for LMA solution)

Miightest > 2.15 x 10™* (for DLMA solution)

In case of 10, mZ~ remains the same for both LMA and DLMA solutions. So both of these solutions
are equal for 10. Here also both of these solutions saturate the higher value of mZ. As both LMA
and DLMA solutions are equal for IO, we found the same lower limit of mjghtest for both of these
solutions. The lower limit of absolute mass of the lightest neutrino for IO is found to be

Miightest > 1.685 x 107° (10)

which is very small as compared to the lower limit of absolute mass of lightest neutrino for both
LMA and DLMA solutions for NO.

4. CONCLUSION

If the Ov 33 process happens, it will address many unsolved fundamental questions of physics like
Majorana nature of the neutrino, matter-antimatter asymmetry, absolute mass scale and mass order-
ing of neutrino which will help us for the better understanding of the universe. So searching for
this rare process is of paramount importance. From the standard mechanism, we found out that
the DLMA solution for NO is shifting into the desert region (0.004 — 0.0075 eV) which provides
a new sensitivity goal for the future experiments. If we find any positive signal for 0v5/ in that
desert region, this will confirm the DLMA solution to the solar neutrino problem as well. From
the right-handed current mechanism, we found that both LMA and DLMA solutions to the solar
neutrino problem for both NO and IO saturate the experimental limit provided by KamLLAND-Zen
and GERDA, which also provide the lower limit of absolute mass of lightest neutrino that is not
provided by the standard mechanism. So if we find any positive signal for 0v 3/ above the region of
IO in the standard mechanism, we have to consider the contribution from the right-handed current
as well.
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Abstract. Quantum computation is an emerging field of research at the intersection of computer science,
information theory and quantum physics. With applications in cryptography, simulation of complex quantum
mechanical systems, artificial intelligence, weather forecast and market prediction, quantum computers will
be indispensable in the future. Recent years have seen immense progress on the experimental front, with the
IBM Quantum Experience (IBM QE), real quantum computers are within reach for anyone. We introduce
here the basic concepts of quantum computation for using IBM QE, needing only the knowledge of matrix
multiplication.

Keywords. IBM Quantum Experience, Quantum Computation, Superposition, Entanglement

INTRODUCTION

Using principles of quantum physics developed in the early 20*" century, a completely new field,
“quantum computation” has emerged, unifying computer science, information theory and physics.
It started with Richard Feynman’s observation [1] that a computer can be designed that can use the
laws of quantum mechanics to simulate the nature. The idea was to use a quantum state as the
fundamental building blocks of the computer, the simplest one is a two-level system, called a qubir,
which evolves according to the laws of quantum mechanics. An example of a quantum two-level
system can be the two-spin states of an electron or the two polarizations of light. The classical bits
are represented by 0 or 1, or physically they can be voltage on and off in a chip. These numbers are
manipulated using normal addition operation. Unlike the classical bit that represents only one state at
a time, a quantum bit (qubit) can be in both the states at the same time i.e., in a superposition of both
the states. As is well-known, “quantum mechanics” also called ‘matrix mechanics’, a single qubit
state is represented by a 2 x 1 matrix, being a linear superposition of [0) = [1,0]7 and |1) = [0,1]%,
i.e., a|0) + B|1), where |a|? +|3|? = 1 and o, (3 are complex numbers. This superposition of states

observed in quantum physics gives an infinitude of states in which a qubit can be, which in turn
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increases the computing power of quantum computers. This feature of quantum computers, known
as “quantum parallelism” enables us to perform large number of operations in small time interval
that reduces the complexity of the problems. Thus classically intractable problems like the travelling

salesman problem can be solved on a quantum computer efficiently [2].

More generally, there is a certain class of problems called non-polynomial (NP) problems [3],
which cannot be solved efficiently on the current “classical” computers. The phrase “cannot be
solved efficiently” means that as the size of the input parameter increases, the time required to solve
the problem increases exponentially. Consider the aforementioned travelling salesman problem [4,
5]; a salesman has to visit n different cities, which path should he follow so that he can visit all the
cities with the minimum distance travelled? It has been calculated that for number of cities as small
as 10 there are 10!/2 =1814400 possible paths in which he can visit them. For solving this problem,
a classical computer works in the following way; it will systematically calculate the total distance
for each possible configuration and then compare among them to find the optimal solution, i.e.,
the minimum path among all the possible paths. The time required to solve this problem increases
exponentially with the number of cities, thus for a sufficiently large number of cities the computer
will take forever to find the solution. Like this, there are other hard problems [6] which require a
computer that can perform a large number of operations with minimum time-complexity. This is

exactly what a quantum computer can do.

Apart from “quantum parallelism”, another peculiar feature which quantum mechanics exhibits
is Entanglement [7]. Entanglement refers to two or more quantum particles having correlated quan-
tum states. For example, in a singlet state, two electrons are physically separated and in anti-parallel
directions. The quantum state of the two electrons can be written as, %, where |0) and |1)
stand for spin-up and spin-down states of electrons. Entanglement allows to perform an operation
on two qubits simultaneously which cannot be done with classical bits. Thus qubits can exist in
superposition of more than one state and also can be entangled with each other, which classical
bits cannot exhibit. Using these features of quantum mechanics, several non trivial algorithms have
been designed in quantum computation. Quantum teleportation [8], where an unknown quantum
state is transferred between two distant parties, has been achieved using entangled channels (Sec. 3)
between the sender and the receiver.

There are ways to improve the efficiency of classical computers. For instance, one way would
be to make bigger computers i.e., to have more transistors on a chip. A bigger computer solves a
problem of given size in less time. In order to tackle problems of bigger and bigger size in less
and less time, the transistors will have to get smaller and smaller, so small that eventually there
are only a few silicon atoms. According to Moore’s law [9], “The number of transistors in a dense
integrated circuit doubles every two years”. At this stage, we again fall prey to the laws of quantum
physics due to the small size. Heat generation in the computing process is another disadvantage
working in the microscopic level. In Landauer’s principle [10], it is argued that “a minimum heat
generation, of the order of T, is required for each irreversible function”. Thus the emergence of
quantum computers under a well defined framework of quantum mechanics has been one of the most
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Figure 1. The state of a polarized light

important developments of the 20" century.

1. ORIGIN OF RANDOMNESS

Superposition is at the heart of quantum computation since it gives rise to randomness. To under-
stand how randomness comes up at microscopic scale, consider an example of plane polarized light
incident on a polarizer. If we represent the state of polarization parallel to optical axis by @ and the
state perpendicular to it by b then a photon polarized at an angle 6 with respect to the vertical axis
can be represented as Z(0) = (Z(0) - @)@ + (Z(0) - b)b = (cos 0)a@ + (sin A)b. Fig. 1 illustrates this
fact. When light with this state of polarization () travelling along z axis, is incident on a polarizer
it is observed that transmitted intensity is cos?(6) Iy, where I is incident intensity and 6 is angle
between plane of polarization and optical axis.

Now suppose we have some kind of an apparatus which emits only one photon at a time. Then
if using the apparatus we let a photon strike the polarizer then the photon will either pass through
or it will be absorbed. What decides whether the photon will pass through polarizer or not? Passing
photon through polarizer constitutes a measurement and according to Copenhagen interpretation of
quantum mechanics the state of the system collapses to one of the basis states upon measurement.
This collapse is totally random and all we can talk about a priory is the probability with which the
photon will collapse to given basis state. An analogy of coin toss will be helpful to understand the
idea of superposition-measurement-collapse. When the coin is in air it is neither heads nor tails, it
is in superposition. As it hits the ground it lands on heads or tails at random. The probability that
an incident photon in state (cos 6)@ + (sin 8)b will collapse to state @ is given by cos?(6) and that of
state b is sin?(6). Note that the sum of probabilities i.e., sin?(8)+cos2(6) is 1. Thus out of n incident
photons cos?(6).n are randomly found in state @ and thus the transmitted intensity is cos? () Iy. This
analysis at microscopic scale is totally consistent with macroscopic intensity law (Malus’ Law). If
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we rotate the analyzer such that the optical axis is parallel to the plane of polarization (rotation of
measurement basis) then the photon is in state @. Now cos?(f) = 1, thus every photon that arrives
at polarizer passes through. There is no random behaviour. We see that randomness arises when the

system is in superposition of measurement basis states.

2. THE POWER OF SUPERPOSITION

Interestingly, the same superposition which leads to randomness also allows for performing op-
erations on all possible states at once. This leads to quantum parallelization i.e. unlike classical
computer which has to process one input at a time a computer based on quantum principles, a
“Quantum Computer” can process all possible inputs at once. Quantum parallelization relies on the
fact that a qubit can exist in a superposition of base states. Each component of this superposition
can be thought of as a single argument of a function. A function operated on the qubit, which is in
a superposition of states, is thus operated on each of the components of the superposition, but this
function is only applied one time. Since for n qubits, there are a total of 2" possible states, thus
what would take a classical computer an exponential number of operations, can be performed on a
quantum computer in one operation. Although quantum parallelization offers a large speedup over
classical computers, the result may still be random, so the whole idea is to design the operations
in such a way that the probability of getting the correct answer is enhanced. But this has its own
shortcomings. With larger number of superposed states, the probability of measuring a particular
superposed state becomes low and hence the answer is probabilistic. Moreover, according to the
laws of quantum mechanics, superposition is lost upon measurement on the quantum state. Thus if
we only use superposition states then the probability of retrieving the answer is low. But for prob-
lems which are beyond reach of classical computers a probabilistic answer is better than no answer
at all. Fortunately in some cases, although the solution is difficult to find, it is easy to check a given
solution. For example, finding out prime factors of a number is a NP hard problem [3], but given a
prime factor of a number it is just matter of easy multiplication to check whether they are really the
prime factors or not. Thus a parallel computing algorithm can be devised to multiply all the factors
in just one operation. Thus a probabilistic answer can be checked and if found incorrect, the process
can be rerun to find another answer.

3. QUANTUM ENTANGLEMENT

Quantum entanglement as introduced earlier is the distinguishing feature of quantum mechanics. In
mathematical language, a two qubit state can be represented as,

) = (al0) + (1)) @ (al0) + BI1)) = aal00) + aBl01) + bal10) +bBI1L) (1)

where ® is the tensor product between the two quantum states, and |00) = |0) ® |0), similarly
it applies for other states, |01), |10), and |11). The above state (Eq. (1)) reveals that the first qubit is

146 Student Journal of Physics,Vol. 7, No. 4, Oct-Dec. 2018



in the state a|0) + b|1) and the second qubit is in the state «|0) + |1). Now consider another such
state:

_ b
V2

It is an easy exercise to check that this state cannot be factored in the form (a|0) +b|1))(«|0) +

|¥) (Io1) —10)) 2

B|1)). Hence it shows that the state of individual qubits are not completely specified. States of the
form Eq. (2) are called entangled states. The state in Eq. (2) is called EPR pair after Einstein,
Podolsky and Rosen [11] who used this state to propose a paradox in quantum mechanics (famously
known as EPR paradox). This state has the property that measurement on one of the qubit reveals
the state of the other instantaneously. Such states are of utmost importance in quantum computation.
As discussed above we observe that measurement on one qubit of an entangled state determines the
state of the other irrespective of their location in space. Thus entangled states have been used as
communication channel in cryptographic protocols. All of quantum key distribution (QKD) proto-
cols which provide a way to share a private key between two parties (Alice and Bob) separated in
space, rely on entanglement. These protocols use entanglement to check if a key sent by one party
has been hijacked in between by eavesdropper. In most of the QKD protocols, if Alice wants to
send a secret key to Bob then firstly they prepare some entangled state with each of them having half
of the entangled particles. Then Alice performs a measurement on some of her particles and then
communicates the result to Bob via classical channel. Since immediately after the measurement
the state of the other half of the particles is known to Bob as communicated by Alice, he measures
his particles to check if someone has tried to access the key by measuring on his particles. If Bob
finds the same result as informed by Alice then he can be sure that the key shared is secret. Some
modifications of this protocol is used in most of these protocols. It is also known that Grover’s
search algorithm and Shor’s factorization algorithm, which are some of the most important quantum

algorithms use entangled states [12, 13].

4. QUANTUM COMPUTER

Quantum computers are built from quantum circuits which consist of wires and elementary quantum
gates, in the same fashion as classical computers are made using electrical wires and logic gates.
Quantum gates are used to carry around and manipulate quantum information encoded in qubits. In
the language of quantum mechanics a qubit is represented by the superposition state «|0) + S3|1)
where |0) and |1) are the two states of a quantum bit analogous to the 0 and 1 state of a classical bit
(cbit). A qubit can be physically represented by trapped ions, superconducting junctions, NMR etc.
Quantum gates are the implementation of operations performed on a quantum state by Linear opera-
tors. In the language of mathematics we say that quantum states are vectors in a mathematical object
called Hilbert space. Thus the mathematical language of quantum mechanics is Linear algebra. The
operators acting on quantum states are represented by matrices. So any manipulation of a quantum
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state is carried out by operators. In quantum computation, these operations are realized via quantum
gates. There are several quantum gates classified as single qubit gate and multiple qubit gate which
as the names suggest act on single qubit and multiple qubits respectively. Thus a quantum computer
essentially consists of a series of qubits, each of which is a quantum system described using two

dimensional vector space. The qubits are prepared in known state say, |0) then a transformation is
applied on them which puts them in superposition. Once in superposition a series of transformations
via quantum gates are applied which act on every possible input. After quantum gates act on the
qubits, a measurement is done to retrieve the answer. Using this procedure different quantum algo-
rithms are designed to solve various problems using quantum circuits constructed using a specified

sequence of quantum gates.

5. A BRIEF HISTORY OF QUANTUM COMPUTATION

In the 1920s, with the evolution of quantum mechanics which had already resolved several absurdi-
ties such as “ultraviolet catastrophe” and the instability of atom due to electron’s accelerated motion
etc predicted by classical physics, people started to think if quantum mechanics could be used to
achieve things which classically cannot be achieved. For example in the early 1980s, researchers
started thinking if quantum effects could be used to signal faster than light which was forbidden
classically according to the special theory of relativity. It turned out that this problem was equiva-
lent to cloning a quantum state which is very well possible classically. However, it was proved that
it was impossible to clone a quantum state [14]. This no-cloning theorem was one of the earliest
results in quantum computation and quantum information. Making use of this no-cloning theorem,
the first idea in the field of quantum information called “Quantum Money” was proposed by Stephen
Wiesner in 1970 (which remained unpublished until 1983) [15].

In 1981 Richard Feynman had realized that the inability of computers to simulate quantum mechan-
ical systems is because their working principles are classical. He proposed that a computer used for
simulation of quantum mechanical systems should be based on quantum principles. To use quantum
principles for computing, it was necessary to gain complete control over quantum state which is so
fragile towards environmental effects. Thus since 1970s many such techniques were developed. For
example, methods were developed to trap a single atom in an “atom trap” and study its properties
with stunning accuracy. In the mean time computer science was also developing rapidly with the
remarkable paper by Alan Turing in 1936 [16]. Turing presented a notion of what we call a pro-
grammable, a model for computation called Turing machine. Subsequently, John Von Neumann
developed a theoretical model to build a practical computer which would be capable as a Univer-
sal Turing machine. In the late 1960s, the Church Turing thesis was presented, which states that
“Any algorithmic process can be simulated efficiently using a Turing machine”. However, the chal-
lenge came when it was observed that many problems which were believed to have no solution on
Turing machine could be solved using analog computers. But the problem was that if the realistic
assumptions of noise in analog computers were taken into account, then it was difficult to operate
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on such problems. This challenge was successfully resolved when the theory of error correcting
codes and fault tolerant quantum computation was proposed. Following this several quantum algo-
rithms were proposed to solve various problems. From late 60s to late 90s the research in the field
led to formation of theoretical framework for quantum information. The most important of them,
the factorization algorithm by Shor (1994) [17] and list search algorithm by Grover (1996) [18]
demonstrated the power of quantum computation. The first experimental demonstration of quantum
algorithm was done in 1998 by Jones and Mosca at Oxford University [19].

Since late 1990s, experimental side has progressed tremendously. Linear optics, superconducting
junction, nuclear magnetic resonance and trapped ions have been used as qubits. However, efforts to
build quantum computers have not met great successes till date. Small quantum computers capable
of performing dozens of calculations on a few gbits have been developed but the problem of build-
ing a universal quantum computer still remains a challenge for future researchers. A huge step in
the development of a universal quantum computer has been accomplished by IBM [20], which has
developed 5-, 16-, 20- and 50-qubit quantum computers. Two of them, the 5- and 16-qubit quantum
computers are available to public, providing an opportunity to everyone to perform experiments on
the quantum computers.

6. IBM Q EXPERIENCE

With continuous efforts, IBM developed a quantum computer which used superconducting qubits.
Since its inception in May 2016, IBM Quantum Experience (IBM QE) has proven to be a valuable
asset for researchers working in the field of quantum computation. More than 80 academic papers
have been published based on the research carried out with help of IBM QE. Through this platform,
researchers, students and enthusiasts get access to a real quantum processor and a simulator. The
qubits used are superconducting Josephson junctions. They are stored at very low temperature, only
a few miliKelvin above absolute zero, in order to protect them from the thermal noise. A SHe / 1He
dilution refrigerator is used to achieve the required low temperature. The state of a qubit is changed
by shooting it with microwave radiation of predetermined frequency and phase. On the other hand,
measurement of the state of a qubit is done by measuring its response to certain microwave radiation.

As of November 2018, IBM has made available two 5-qubit and one 16-qubit quantum comput-
ers. These devices can be remotely accessed using Quantum Information and Science Kit (QISKit)
provided by IBM QE. The quantum composer (Fig. 2) is a user friendly graphic user interface
developed by IBM, used to write quantum algorithms or run experiments in the field of quantum
computation and quantum information. Along with composer, the online platform includes a begin-
ner’s guide, a full user’s guide and a forum to share ideas and reach out for help. The typical process
of writing and running an algorithm is as follows: initially, all the qubits in composer are in the state
|0), appropriate gates are taken from side panel and dropped on a qubit to change the state of the
qubit. The information processing occurs when the state of one qubit is conditionally evolved based
on the state of some other qubits using conditional gates (e.g. C NOT gate). Finally measurements
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Figure 2. The composer of IBM Q Experience. Image Credit:IBM Q Experience.

are done to know the states of all or some qubits and the results are stored in classical registers and
displayed as a bar chart. For example, a two-qubit algorithm can have four possible outcomes |00),
|01), |10) and |11). So the result of a two-qubit algorithm gives probability of getting each one of
these as output. As we know for a particular run, the result is random but when we run the algorithm
many times we may find that a certain result occurs more often than other. The whole idea is to
apply transformations (quantum gates) in such a way that the probability of getting desired output is
enhanced.

To start building quantum circuits one first needs to visit IBM QE website and register with

email addresses. Then go to the composer and start a new circuit. There is an option to choose to run
the circuit on real quantum computer or simulate the results using custom topology. A circuit sent
to run on the real device, is queued and the process takes time. Thus it is advisable to use custom
topology for trial and error and for testing the circuit prior to sending it to real device. Quantum
algorithms involving 5 qubits can be constructed using the quantum composer but implementing
a 16 qubit algorithm requires writing the algorithm in QASM language. Then it can be run on
the real quantum computer or simulated using QISKit. It is to be noted that QISKit is an open-
source framework for working with noisy quantum computers at the level of pulses, circuits, and
algorithms.
Thus running a real time quantum computer is now at hand. Observing bizarre quantum phenomena
such as quantum teleportation, cryptography protocols can be easily realized on IBM Q. IBM Q is
improving the quantum computing power day by day. IBM Q has recently announced a 50-qubit
quantum computer for commercial purposes. A number of experiments in the field of quantum
computational and information processing have been performed on the 5-qubit, and 16-qubit real
quantum chips. Experimental realization of quantum cheque [21-23], observation of Topological
Uhlmann phase [24], algorithmic simulation [25], developing quantum error correction codes [26—
29], experimental test of Mermin’s inequalities [30], testing quantum algorithms [31], optimization
of quantum circuits [32] etc. have been tested and verified on the real quantum chips.
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7. CONCLUSION

We have seen that a paradigm shift from classical to quantum computation allows us to solve clas-

sically intractable problems which could not be solved efficiently before. In brief, we have tried

to motivate young students to experiment in the field of quantum computation, using the publicly

available quantum computers. Furthermore, quantum computers of different architecture and a brief

history of quantum computation have been discussed. The IBM QE platform has been discussed,

which anyone can use and implement protocols on a real quantum computer. There are a num-

ber of problems for which quantum algorithms are yet to be designed. With the help of IBM QE,

any interested researchers can participate in the effort to take the research in quantum computation

forward.
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Abstract. Mirage forms when light rays traversing a medium with spatially varying refractive index bend
and undergo total internal reflection. Typical example is when downward going light rays bend upward when
heated air in contact with hot earth surface leads to vertical gradient of refractive index with refractive index
increasing in upward direction. A conceptual issue arises when considering the part of the light trajectory
where light ray becomes horizontal. With refractive index varying only in the vertical direction, one will expect
from symmetry considerations that a horizontal ray should not bend, contrary to the observed phenomenon
of mirage. This issue has been discussed in literature, e.g. by Raman and Pancharatnam and by Berry. We
discuss their arguments and argue that there are subtle conceptual issues in understanding mirage strictly in
the framework of geometrical optics. In particular, we consider a horizontally moving light ray and argue that
within geometrical optics, such a ray should continue to move horizontally. Bending of such a ray, as required

by the mirage phenomenon, must require considerations of wave nature of light.

Keywords: Mirage, geometrical optics, wave optics, Fermat’s principle, horizontal ray

1. INTRODUCTION

Nature is full of beautiful optical phenomena and mirage is undoubtedly one of the most interesting
one of those. Mirage has been studied for a long time from the aspect of wave and ray optics but
still there remain confusions about the bending of light while traveling in a medium with gradient
in refractive index. This problem has been addressed by many scientists and a good details of
the literature is available in Berry’s paper [1] where he has analyzed subtleties of this issue. The
popular explanation of mirage in the context of geometric ray considers medium as composed of
thin layers with refractive index fixed in each layer and gradually varying with height. We consider
aray making a certain angle of incidence with the plane of stratification and then the ray continues to

proceed through the layers from denser to lighter medium and hence changing the angle of incidence.
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Figure 1. Trajectory of light in mirage

Finally the angle of incidence crosses the critical angle between two successive layers and at that
point the light ray undergoes total internal reflection which results in the bending of light towards
the denser medium, thereby forming the mirage.

However, this simple sounding explanation ignores underlying questions and subtleties. There
are certain parts of this argument which lead to conceptual problems. As the refractive index changes
continuously in the vertical direction, the change of incident angle in each (hypothetical) layer will
be infinitesimally small. As the ray bends upward continuously, there must be a point where the
light ray becomes horizontal. The importance of this horizontal ray was discussed by Raman and
Pancharatnam [2] and later by Raman [3]. They argued that while continuously bending upward, the
light ray should become horizontal (see Figure 1) after successive refractions and then it would not
face any change in refractive index in the medium and it should move in a straight line. Basically, the
argument relies on symmetry consideration. In geometrical optics, a single light ray is a thin light
beam (of thickness approaching zero). Such a ray traversing a medium horizontally where refractive
index is constant in horizontal plane should have no reason to change its direction. Note that this
argument of symmetry fails if we consider light as a wave since a wave of finite wavelength will
necessarily sense vertical gradient of refractive index thereby violating considerations solely relying
on horizontal symmetry.

We will discuss the standard approach of explaining mirage in geometrical optics using the
laws of reflection and refraction which can be derived, e.g. using Fermat’s principle. A light ray
traveling from a denser to a lighter medium, with critical incident angle leads to a horizontal (paral-
lel to the interface between the two media) refracted ray. As Fermat’s principle is simply a statement
of extremal time taken by a light ray between two points, it must respect time reversal symmetry.
It then implies that a light ray traveling horizontally (parallel to the interface) will bend towards
denser medium, thereby resolving the confusion about the fate of horizontal ray as needed for the
mirage phenomenon. However, it should be noted that geometrical optics (hence the use of Fer-
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mat’s principle) only has the information about direction of reflected and refracted rays, and any
information about the relative intensities of these rays requires the treatment of wave nature of light
(e.g. using Fresnel’s coefficients with the information about the polarization of the light etc.). For
example, a complete treatment of reflection and refraction at a sharp interface between two media
using Maxwell’s equations shows that when the incident angle of light ray traveling from a denser
to a lighter medium approaches the critical value (with the refracted light ray becoming parallel to
the interface), the intensity of this refracted ray approaches zero [4]. This is the situation of total
internal reflection when the entire intensity of the incident light is contained in the reflected com-
ponent alone. With this knowledge, one can see that there is no sense in which one can use time
reversal argument to conclude that a horizontal light ray should bend towards denser medium, as the
horizontal ray which is being time reversed carries no energy. Indeed, Maxwell equations directly
show that a horizontal light ray (traveling parallel to a sharp interface) leads to zero intensity for
refracted ray, with the entire energy carried by the reflected ray (which continues in the horizontal

direction).

We will also discuss arguments of Berry who has addressed the problem of this horizontal ray
[1]. Itis argued in [ 1] that the argument in ref.[2] about horizontal ray is not correct due to a peculiar
singularity in the equation governing the bending of light ray in a medium with vertically varying
refractive index. We will re-visit these discussions and argue that, while the issue of the singularity
is indeed non-trivial, the conclusions reached in Berry’s paper are also not very clear. We will
argue that the standard approach of focusing on refracted ray cannot lead to correct understanding
of mirage in the geometrical optics framework. What one needs is that at certain point during the
bending trajectory of light, one needs to switch attention to the reflected light (which carries the
entire intensity of incident light in that part of the medium), while any refracted light continues with
zero intensity. This reflected light then leads to a refracted component which continues bending
upward, finally leading the the standard mirage. (It then becomes an interesting problem to check
what differences arise in the actual trajectory of light ray, especially near the horizontal segment,
when one switches attention to the reflected ray compared to continuing follow up of the transmitted
ray via Fermat’s principle.)

To have our discussion well defined (and not subject to the non-trivial issue of singularity in the
bending equation as discussed in [1]) we will focus our discussion on the light ray which is initially
traveling horizontally (parallel to the plane of symmetry of refractive index, which is assumed to
vary only in vertical direction). We will then argue that within geometrical optics, this light ray
should not bend. This is what one expects from the symmetry of the problem. A ray which is
horizontal and is moving in a medium (of thin layer) where the refractive index is constant should
not know about the change of refractive index in the layers which are above and below of it. We
will also recall discussion from [5] where bending of light in medium for the general case with
refractive index gradient has been discussed. We will see that the direction of principle normal of
a straight line which is used to derive the bending of light ray can not be defined for a horizontal
light ray and hence that approach does not work. In fact, if we take a special case of horizontal ray
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and follow the same argument then we obtain the result that it should go in a straight line. We will
also briefly discuss the derivation by Raman and Pancharatnam [2] using wave nature of light which
gives correct explanation of mirage.

A convenient realization of mirage phenomenon generally uses sugar solution in a jar with ver-
tically varying sugar concentration (with higher concentration, hence higher refractive index being
in the downward direction). We have used such a setup and performed measurements to check var-
ious aspects of the arguments used above. An important measurement for this purpose is the value
of % for which we have followed a method used in literature by Barnard and Ahlborn [6].

The paper is organized in the following manner. In Sect.2, we discuss about the consideration
of intensity for the geometric ray approach of light bending in a medium with vertically varying
refractive index. We use equations for the intensity of refracted ray obtained from Maxwell equa-
tions for the case of a sharp interface separating two media of different refractive indices. We then
argue why the application of Fermat’s principle for discussing bending of a horizontal ray gives
misleading conclusions. In Sect.3 we describe our experiment which we carried out to confirm these
conclusions about intensity measurements of refracted ray. In Sect.4, we first present the argument
of Raman and Pancharatnam [2] about the issue of bending of horizontal ray in geometrical op-
tics where they conclude that within geometrical optics a horizontal ray should not bend. We then
present arguments of Berry [1] who pointed out a peculiar singularity in the equation of bending of
light in mirage within geometrical optics thereby concluding that the argument in [2] does not hold.
We will discuss the analysis in ref.[ 1] and argue that the treatment of singularity is not satisfactory.
In Sect.5 we start by considering all these different arguments, including the calculations in [5] about
bending of light. As we are not able to reach any definite conclusions about the issue of singularity
in the general bending equation (as discussed in refs.[ |, 5]) for a medium with continuously varying
refractive index, we will then focus on a special case of initially horizontal ray. We will analyze the
propagation of such a ray in the medium and draw conclusions from all these different approaches.
In Sect.6 we give the results of our experiments which we have carried out to measure Z—Z using the
method of ref.[6]. In Sect.7, we conclude by referring to the satisfactory wave optics explanation
of mirage given by Raman and Pancharatnam [2, 3], and present our conclusions about the prob-
lems with the geometrical optics approach. We also point out future experiments/analysis which can
be carried out for further understanding this very intriguing issue of the beautiful phenomenon of

mirage.

2. CONSIDERATION OF INTENSITY IN GEOMETRICAL OPTICS

When light beam is incident on a sharp interface of two media with different refractive indices,
Maxwell’s equations give the following expression for reflection coefficient of the incident light (for

s-polarized light) [4]:

| M1cos 0; — no cos b, ‘2

R 1)

n1 cos 0; + ngy cos b,
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Consider the case when R = 1, i.e. intensity of transmitted light is zero.

R=1
= (ny cos; —ngcosby)? = (ny cosb; + ny cos 0;)*
— cosf;cosb; =0
— either cosf; =0or cosf; =0
= either 0, = 7/20r 6, = /2

(This result also holds for the p-polarized light as in that case the only change in Eq.(1) is that
n and ngy are exchanged.)

Case 1: 0, = /2
Snell’s law gives

= sin!(:2) )

Since domain of sin~! is [-1,1], we have ny < n; (dense to rare medium)

o0 = Sin_l(ni) = 0. = critical angle (Figure 2)
n>

Denser ®

Rarer @ ;
i

Figure 2. Ray diagram for 6, = 7/2

Case2: 0, = m/2

From Snell’s law, n; sin 6; = ny sin 6,

= 0, = sinil(ﬂ)
no

Again, with the domain of sin~'is [-1,1], we have ny < nqy (rare to dense medium)

o0 = sinil(né) = . = critical angle (Figure 3)
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Therefore, horizontal incident light ray with zero intensity (because R=1) bends toward denser
medium at angle 6.. And complete intensity gets reflected at angle 90° (see Figure 3).

Thus we see that in discrete layer picture of mirage, the bending of light towards the denser
layer after the ray becomes horizontal (i.e. tangential to the interface of two layers, with the incident
angle §; = m/2) can be understood in geometrical optics. However, this conclusion holds if we only
consider the directions of different rays without any consideration of their respective intensities.

Let us now re-visit the argument about bending of horizontal ray in the framework of geomet-
rical optics. The basic principle of geometrical optics is Fermat’s principle. It says that to go from
one point to another point, any light ray will follow the path in which optical path will be extremum.
Using this principle we can derive the basic laws of geometrical optics like The law of reflection and
The law of refraction (Snell’s law). Here our interest lies in the Law of refraction which says

n; sin §; = constant 3)

Here n; is the refractive index of ith medium and 6; is the angle of refraction in ith medium.

Now if a light ray is traveling from one medium (say medium 1) to anther medium (say medium
2) the Snell’s law reduces to n; sinf; = ng sin 3. But Snell’s law only gives us the information
of the direction of light ray. It has no information about relative intensities of different rays. This
becomes of crucial importance when critical angle is involved. From Snell’s law we can see that at
critical angle of incidence, the transmitted ray becomes horizontal. But we saw above that Maxwell’s
equations show that in this case, the transmitted light has zero intensity, i.e. it will not carry any
energy. In this condition the total light will be reflected at critical angle which is the case of total
internal reflection. Let us continue with this use of Fermat’s principle (neglecting considerations of
intensity) that a light ray incident at critical angle 6. (= sin~!(n./n)) on a sharp interface from
denser to rarer medium gets refracted at angle 90°. Time reversal symmetry of Fermat’s principle
implies that a ray incident at 90° on a sharp interface from rarer to denser medium will get refracted
to denser medium at an angle equal to 6. This is what underlies the standard explanation of mirage
in geometrical optics using Fermat’s principle. So at the lowest point of trajectory in mirage, the
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ray becomes horizontal (90° incidence) and gets refracted to the upper denser layer at an angle 6.
corresponding to the concerned two layers.

Now we bring in the consideration of intensities of different rays (Eq.(1)). Case 2 above (for
ray propagating from rarer medium to the denser medium with incidence angle ; = 90°) shows that
although the ray bends towards in the denser medium at 6., it’s intensity is zero and the total intensity
of light continues in a straight line. Main conclusion one can draw from this discussion is that to
have a correct explanation of mirage in discrete layer picture of the medium, one cannot just focus
on the transmitted light with the equation n;sinf; = constant for each successive layer. At some
point, when the incident angle equals critical angle between two consecutive layers, the attention
must be shifted to the reflected ray with the equation 0; = Oincidence = Orefiectea- This takes care
of the main puzzle of horizontal ray, in the sense that in discrete layer picture there will simply
be no horizontal ray ever having a non-zero intensity. The horizontal transmitted ray will carry
zero intensity at the point when one shifts attention to the reflected ray. Subsequently, one can just
follow that ray, again focusing on the transmitted ray all along, finally leading to the phenomenon
of mirage. Of course, all this holds in the discrete layer picture of the medium and these arguments
need to be made rigorous for a medium with continuous variation of refractive index.

In the next section we will describe our experiment which we have carried out to verify the
above conclusions about intensities of refracted and reflected rays using Eq.(1).

3. EXPERIMENTAL STUDY OF TRANSMISSION OF LIGHT AT AN INCIDENT AN-
GLE OF 90°

In this experiment, relative intensity of reflected light for different angles of incidence is measured
for air-water interface and for air-acrylic interface using the apparatus in Figure 4. The experiments
were done using solid state red laser whose angle of incidence was measured. Intensity of reflected
light was measured using a CCD detector. The heights of the laser source and the detectors could be
changed depending on the angle on incidence.

Detector

$Water filled upto edge
¢ Circular scale to
measure angle
Knob to adjust height
LASER

Incident angle of
LASER beam

Movable stand with
adjustable height.
Light ray emitted
from LASER

Stand of
adjustable height

[ I
Schematic diagram for first experiment

Figure 4. Apparatus for measuring reflectivity at different angles of incidence

We first give detailed measurements for the air-acrylic interface. Table 1 gives the data where
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reflected intensity is measured in terms of the current in the CCD detector with proper calibra-
tion. Dark current was properly accounted for. Refracted intensity was inferred by subtracting the
reflected intensity. Direct measurement of refracted intensity could not be done due to various dif-
ficulties (such as strong scattering of light in the medium, we will discuss these issues in the last
section). Figure 5 gives the data for reflected intensity as a function of incident angle. Our exper-
iment was carried out without controlling the polarization of light, hence we give for comparison
theoretical values (from Eq.(1)) for the two different polarizations. As we see, our results lie in
between the two curves for the two polarizations. In Figure 6 we re-plot reflected intensity along
with the refracted intensity (obtained by just subtracting the reflected intensity form the incident
value). Though there is no new information in the figure, it is instructive to see that the intensity of
refracted light drops to zero as the incident angle approaches 90°, and the entire intensity is reflected
back. This confirms that between two horizontal layers of different refractive indices, if a light ray
is travelling nearly horizontal, i.e. tangential to layers then most of the light continues in the same
medium and negligible proportion of intensity (approaching zero as incident angle approaches 90°)
is transmitted in the other medium. Figure 7 and Figure 8 show the observations for air-water inter-
face. We do not give the corresponding table in this case as the required information is contained in
these plots.

It is evident that, for 90° incidence, the refracted light ray at angle 6. predicted by Fermat’s
principle will carry zero intensity. As we discussed above, since time reversal symmetry of Fermat’s
principle does not take intensity into consideration, arguments based on Fermat’s principle cannot
explain bending of light after it becomes horizontal in a mirage.

Reflectivity in percentage vs Incident angle
in the case of Air-Acrylic medium
=o= Observed reflectivity

with arbitrarily
polarized light

Theoretical reflectivity
for s - polarised light

Theoretical reflectivity
for p - polarised light

Reflectivity in percentage

Angle in degree

Figure 5. % Reflectance vs. incident angle for air-acrylic interface

4. THE ISSUE OF BENDING OF HORIZONTAL RAY IN GEOMETRICAL OPTICS

The crucial issue of the bending of the horizontal light in mirage was discussed by Raman and
Pancharatnam [2, 3]. Here it was argued that the phenomenon of mirage cannot be described using
geometrical optics. We reproduce here a summary of their arguments for this conclusion. They
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Figure 6. % Reflectance and % transmittance vs. incident angle for air-acrylic inter-

face

Percentage of reflectivity vs. angle for air-water interface

Observed reflectivity
for arbitrarily
polarized light

~o— Theoretical reflectivity
for p - polarised
light

Theoretical reflectivity
for s - polarised
light

Reflectivity in percentage

Angle in degree

Figure 7. % Reflectance vs. incident angle for air-water interface

consider the medium as composed of several discrete thin layers, each of constant refractive index,
which varies in the vertical direction. It is argued in [2, 3] that if an incident ray is making an angle
(¢1) with the plane of stratification then as the ray will continue through different mediums the
angle (¢) will keep changing and after some time it will hit a limiting layer where 1;=(1(cos(¢1))
(where i is the refractive index of limiting layer and p; is the refractive index of the first layer),
according to Fermat’s principle thence the ray should continue in a straight path. In other words,
the total energy of the light will be confined in that infinitesimally thin layer and the intensity of the
beam will be zero just below and above of that layer. It is shown in [2, 3] that proper explanation of
the bending of horizontal ray (hence the phenomenon of mirage) can be obtained using wave optics.

We have argued above that application of Fermat’s principle to determine the bending of trans-
mitted light fails at critical angle. From the proper treatment of Maxwell’s equations we saw that
at critical angle the intensity of transmitted ray is zero and the total energy will be carried by the
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Intensity percentage for Reflected and Refracted rays vs Angle of Incidence
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Figure 8. % Reflectance and % transmittance vs. incident angle for air-water interface

reflected ray. In other words there will be no horizontal ray for critical angle of incidence. In this
context we note that the main source of the confusion about the role of horizontal ray originates
from the conventional definition of the critical angle of incidence which is defined as An angle of
incidence for which the the angle of refraction is 90°. In view of our discussion above pointing out
that the transmitted ray in this case has zero intensity (actually existing only as an evanescent wave),
this definition does not look very appropriate. A more appropriate (equivalent) definition for the
critical angle would be The minimum angle of incidence for which the intensity of the reflected ray
is 100% of the incident ray or in other words The minimum angle for which light undergoes total
internal reflection.

Geometrical optics analysis of [2, 3] was questioned by Berry [1], basically arguing that in
the case of mirage the ray actually never becomes horizontal, it just has a horizontal tangent at one
point which is a very different situation than the ray being absolutely horizontal. Starting with the
standard argument that a continuous refractive-index gradient curves a ray in a way that is analogous
to the way the gravity bends the trajectory of a massive particle, the analysis in [1] considers the
curved rays in a smoothly varying medium by caricaturing the refractive index profile as a stack of
horizontal layers of thickness A. The refractive index p is taken to be constant in each layer and
limiting process A — 0 is examined using one of several possible discretizations. Here pigis.(2) =
w(zn) = pw(nA) = p, where n is an integer and z,_1 < z < z,. So here the ray has also been
divided into segments wth the horizontal location at the end of mth segment (Figure 9, see ref.[|]
for details).

m K CA
LTN+m :$C+ZX[, where X; = — and K = /;#l
=1 c

“

It is assumed that the limiting layer lies between the layers N and N+1, so the the critical layer
is denoted as N+v where 0 < v<1. Now, one replaces the summation by integration and shows that
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Figure 9. Trajectory of ray in discrete layered picture of mirage

the equation of the path of the ray will be

$(2>%wc+2kﬂ—xc+2k\/7—xc+ 2telz ~ 2¢) .
e

Subsequent discussion in [1] discusses the limiting case for which A — 0 and v — 1 which

is actually the situation envisaged by Raman. In that case in order to calculate the summation in
Eq.(4), the 1=1 term is separated due to problem when v — 1, and the summation is replaced by
integration for other values of 1. It is then argued that For any fixed ~, however small, the term [=1
in the above summation vanishes as A — 0. With that it is then shown that the ray will follow
parabolic path.

It is certainly of crucial importance to understand the behavior of the [ = 1 term for under-
standing the fate of the horizontal ray. It appears to us that the argument used in [!] for deciding
the fate of horizontal ray using the limit A — 0 is not conclusive. We discuss this issue in the next

section where we present our overall understanding about the issue of the horizontal ray.

5. THE HORIZONTAL INCIDENT RAY

As mentioned above, ref.[ ] points out the issue of an important singular term in the bending equa-
tion of light. This issue remains unclear to us for the most general case of continuous bending of
light. To have a well defined discussion, we consider a special situation, that of a light ray which
is initially completely horizontal, propagating through a medium in which refractive index has only
vertical gradient (say, increasing in downward direction for concreteness). For the ray optics ap-
proach of this problem we will consider Berry’s argument and also the approach in [5].
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First, we consider the equation of the location of mth segment in [1].

l
xN+m:$c+K

I
3

1 A
where K = H
I =~ 2pte

(©)

~

1

It is also mentioned in [ ] that the lowest ray for which I=1, can be arbitrarily long, we see that
it tends to infinity as v approaches 1 for the case of layered medium. This means that in the limit

considered in [ 1], the horizontal location of the end of the mth segment which is given by

1
I =~

X =K N

should be tending to infinity for I=1 and  tending to 1 for layered medium. For continuous
medium however as A also tends to zero the limit becomes a % condition and hence undefined. This
suggests that although the ray will become horizontal and should not bend in this limiting condition
for layered medium, this conclusion cannot be drawn for a continuous medium (with limit A — 0).
However, for an initially horizontal ray, in layered picture v = 1, exactly implying that the horizontal
ray will not bend for any non-zero value of A.

We now consider the equation of bending of light as discussed in [5] where one starts with the
differential equation for light ray given by ng—i = VS. (We refer to [5] for details, here we only
present explanation of terms relevant for our discussion.) The differentiation with respect to arc
length s is taken on both of the sides leading to the equation

d dr -

LASER

Figure 10. Light entering horizontal to the surface of layers
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The curvature vector is defined to be K = %17 (see Figure 10) . Here 7/ is the unit principle
normal at that particular point. Then using Eqn.(8) and this definition of curvature, the general for-
mula for the ray traveling in a medium with refractive index function n was derived. The differential
equation of light rays after the inclusion of the curvature and taking the modulus value becomes

|K| = % = 7.V(Inn) ©)

This equation shows that the refractive index increases as we move towards the principle normal
which implies the bending of light ray towards the denser medium. The interesting thing here
happens when we try to see this bending for a horizontal incident ray. For that case the direction of
principle normal of a straight line is not defined. So we cannot use Eq.(9) to show the bending as the
scalar product on the right side isn’t defined. We can anyway use Eq.(8) for ray approximation. For
that case Vn is zero. As the ray moves through just one medium in a plane of constant refractive
index and is unable to feel the change of refractive index along the vertical direction. So using this

we get

d dr

This equation gives a straight line solution which implies that the ray will not bend for this case.
So we can see that the bending of a horizontal ray in a layered medium cannot be explained by these
arguments. Here Raman’s argument of wave optics is useful and can successfully show the bending
of light. The symmetry in the case of ray approach for horizontal light in layered medium results
in the straight line solution of those equations. Raman’s wave argument has been discussed later.
There are also conditions for the validity of geometric ray approach to this problem. As mentioned
in [1-3] and also discussed in [5], the validity of ray optics requires that % << 1 for the length
scale of wavelength of light in the medium. This brings us to the consideration of the gradient of the

refractive index, which we address in the next section.

6. EXPERIMENTAL STUDY OF GRADIENT OF REFRACTIVE INDEX

It is standard to use a sugar solution with vertically varying concentration to realize the mirage
situation in laboratory conditions. We used such a set up for investigating bending of light ray,
especially focusing on the ray which is initially horizontal. A transparent cuboidal container is
taken and saturated sugar solution is poured in its bottom. Now a layer of water is poured on top
of this sugar solution and the interface of the two layers is stirred gently. A medium with gradient
refractive index is obtained on letting this solution settle for some time. The method mentioned in
[6] is adopted to determine the refractive index profile of the sugar solution prepared as we describe
below.
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A laser beam is passed through a glass rod (diameter around 1mm). The emerging fan of rays
is then passed through the sugar solution and its image is obtained on a screen. The experimental
arrangement is as shown in Figure 11.

Figure 11. Schematic of the experimental arrangement

If the refractive index of the sugar solution was constant throughout its height, the image on
the screen would have been a straight line. But the solution had gradient of refractive index which
causes bending of light, and therefore the obtained image deviates from straight line. By measuring
this deviation (Figure 12), rate of change of refractive index with height, dn/dy, can be calculated
using the following formula.

dn =z
& (1D
where n is the refractive index, y is the height, z is the deflection on the screen with respect to
straight line, t is the thickness of the cell or container in which the sample solution is kept, and a is
the distance of the screen from the cell. Approximation involved in the derivation of equation 11 is
that the thickness t is small [6] (so that relative deflections remain small). We have used thickness t
~ 18 mm for the experiment. Fig.13 shows the image obtained on the screen (for the blue laser) for
the sugar solution used in our set up. Analyzing Figure 13 with equation 11, we obtain the profile
of the refractive index gradient dn/dy as shown in Figure 14 for the solution used for the study.

As we discussed in the previous section, the crucial issue is to understand the bending of a
ray which is initially horizontal. As expected, we observe that when a horizontal beam of light
enters the sugar solution, it bends towards the direction of increasing refractive index (Figure 15).
Trajectory of the light beam was also studied for the case when light enters the sugar solution at an
angle (Figure 16). In all these cases, bending of light is more where dn/dy is large.

We also see that the sugar solution introduces magnification of the light beam as light passes
through it due to the gradient of refractive index. Different dn/dy gave different magnification of
the beam. Figure 17 is the image obtained on the screen after light passes through the maximum
dn/dy region. The main purpose for measuring dn/dy was to probe the condition for the validity
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Figure 12. The initial and deflected beam trace on the screen

Figure 13. Image obtained on the screen which is then used for determining refractive

index gradient throughout the height of solution

of geometrical optics which, as we mentioned above, requires that % << 1 for the length scale
of wavelength of light in the medium. We expect that the intensity of the transmitted light (the ray
which is bending, starting with horizontal direction) should show qualitative changes as one crosses
this condition. For this purpose we measured dn/dy for different wavelengths. Unfortunately, it
was not possible to measure the intensity of the transmitted light due to strong scattering of light
from the medium as well as a very significant spread of intensity in the vertical direction. This
is seen in the left two pictures in Figure 17 where one can see the spread of the beam profile in
vertical direction. Because of this we were unable to complete the investigation of the intensity of
transmitted light depending on dn/dy and the wavelength of light. We still provide the results of
our investigations to make the reader familiar with the very useful technique of [6] for measuring
refractive index gradients. Also, hopefully our study provides a platform for conducting further ex-
perimental investigation of the bending of horizontal light in the regime of refractive index gradient
which crosses the limit for the validity of geometrical optics.

As we mentioned, the relevant quantities for our investigations are dn/dy and the wavelength
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Figure 14. Refractive index gradient vs. height of liquid from bottom of container

Figure 15. Trajectory of light entering horizontally in sugar solution (light beam is

entering from left)

of light. To that purpose, we have repeated the experiment for measurement of dn/dy with different
color lasers. Two laser beams of different colors were overlapped using a beam-splitter which was
then passed through a glass rod to generate a fan of rays. We observed that the smaller wavelength
light bent more. And this was observed only around the region where dn/dy was maximum. Third
picture from left in Figure 17 shows that bending of blue light is more than that of red light when
passing through the layer of maximum dn/dy, while the right most picture in Figure 17 shows the
separation of constituent colors of white light when it is passed through the layer of maximum dn/dy.
Here also blue light bends more. Since bending (i.e. deflection) is directly proportional to dn/dy, the
observation implies that dn/dy for blue is more than that for red in the layer of maximum dn/dy as

one will expect.
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Figure 16. Trajectory of a light beam entering obliquely in sugar solution (light beam

is entering from left)

7. SUMMARY AND CONCLUSIONS

We have argued above that for the case of horizontal incident ray the ray optics approach fails to
show the bending of light. A satisfactory explanation of this bending was discussed by Raman and
Pancharatnam [2, 3]. They considered the light to be a wave which propagates in the x direction and
whose amplitude changes along z direction. The grading of refractive index is in the z direction. So
the wave was described by the function ¢ = e**?%y(z). Here u(z) is the z dependent amplitude.
Then by using general wave equation solution the intensity distribution of light as a function of
distance from the limiting layer was derived. Using wave optics Raman and Pancharatnam explained
all the phenomena observed experimentally. We refer to ref.[2, 3] for details of this approach.

For the conventional explanation of mirage within geometrical optics approach we have argued
that the treatment of the horizontal section of the light ray requires crucial inputs from wave optics.
We have argued that the standard approach of focusing on refracted ray cannot lead to correct un-
derstanding of mirage in the geometrical optics framework. What one needs is that at certain point
during the bending trajectory of light, one needs to switch attention to the reflected light (which
carries the entire intensity of incident light in that part of the medium, while any refracted light
continues with zero intensity). This reflected light then propagates upwards undergoing refraction
through successive layers. This refracted component continues bending upward, finally leading the
the standard mirage. The standard derivations uses the bending of only transmitted light obtained
from Eq.(3) with the application of Fermat’s principle. Hence, one will expect that there must be
some difference in the light trajectory if we require that one switches attention to the reflected ray
instead of continuing to follow up of the transmitted ray via Fermat’s principle, especially near the
horizontal segment. It will be an interesting problem to find any such differences and try to carry
out experimental observation of that. We hope to carry out such an investigation in future.

To have well defined discussion, especially in view of the singularity in the equation for bending
of light as pointed out in [1], we have focused on a light ray which is initially horizontal. We have
analyzed this situation within the geometrical optics framework as discussed in [I, 5] and have
discussed the difficulties in understanding the bending of such a ray. Both the cases of mirage and
horizontal incident beam can be well explained by wave theory of light. If the refractive index varies
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Figure 17. Left two pictures show the vertical spread of intensity after light beam
passes through the sugar solution around the region of maximum dn/dy (with red and
blue LASER respectively). Third picture from left shows that bending of blue light is
more than that of red light when passing through the layer of maximum dn/dy, while
the right most picture shows the separation of constituent colors of white light when it
is passed through the layer of maximum dn/dy. Here also blue light bends more.

significantly in the range of the wavelength of light then ray treatment will be strictly invalid. Several
factors may be important for this discussion, for example the behavior of intensity of the horizontal
ray resulting from a ray incident at critical angle from denser to rarer medium (with sharp interface)
needs to be studied in the presence of several layers, within the range of the wavelength of light.
This will more closely represent the situation of a continuously varying refractive index medium.
The evanescent wave nature of this horizontal transmitted ray may be important in such a situation.
One needs to carry out controlled experimental study of the changes in the intensity of transmitted
light along the bending curve when dn/dy is increased crossing the validity of geometrical optics

regime.

170 Student Journal of Physics,Vol. 7, No. 4, Oct-Dec. 2018



ACKNOWLEDGEMENT

We are very grateful to Rajaram Nityananda for very insightful discussions on this topic and for
making us aware of refs.[|-3]. We are also grateful to the National Initiative on Undergraduate
Science (NIUS) at the Homi Bhabha Centre for Science Education, TIFR, Mumbai, India, for pro-
viding the required facilities, staff and funding for the study. The authors are thankful to the NIUS
(Physics) laboratory staff for all their help. We are also thankful to IOP, Bhubaneswar for providing
facilities during a visit of some of the authors for this project.

References

[1] M. V. Berry, "Raman and the mirage revisited: confusions and a rediscovery”, Eur. J. Phys. 34, 1423
(2013)

[2] C.V. Raman and S. Pancharatnam, "The optics of mirages” Proc. Ind. Acad. Sci. A49, 251 (1959)

[3] C.V. Raman, "The optics of mirages”, Curr. Sci. 29, 309 (1959)

[4] John David Jackson, ’Classical Electrodynamics”, 3rd edition, Page 305-306

[5] Max Born and Emil Wolf, Principles of optics”, Cambridge University Press, 7th edition

[6] A.J.Barnard, and B. Ahlborn, "Measurement of refractive index gradients by deflection of a laser beam”,
American Journal of Physics 43, 573 (1975)

Student Journal of Physics,Vol. 7, No. 4, Oct-Dec. 2018 171



Data of reflected and refracted light intensity by air-acrylic surface

Theoretical % reflectivity for

Dark Current Percent- Percent-
Angle current (A) (Re- Net age of age of s- polarised p- polarised
(A) flected) current(A) reflected refracted
current current
10 0.07 2.7 2.63 3.845 96.155 4.051 3.729
15 0.07 2.6 2.53 3.698 96.302 4.263 3.530
20 0.07 2.5 2.43 3.552 96.448 4.581 3.249
25 0.07 3 2.93 4.283 95.717 5.025 2.887
30 0.07 3.1 3.03 4.429 95.571 5.629 2.448
35 0.07 3.8 3.73 5.453 94.547 6.441 1.939
40 0.07 3.7 3.63 4.307 95.693 7.528 1.380
45 0.07 4.6 4.53 6.622 93.378 8.987 0.812
50 0.07 4.3 4.23 6.184 93.816 10.958 0.309
55 0.07 6.3 6.23 9.108 90.892 13.642 0.014
60 0.07 7.5 7.43 10.162 89.838 17.327 0.189
65 0.07 10.2 10.13 14.809 85.191 22.427 1.312
70 0.07 15.6 15.53 22.704 77.296 29.530 4.259
75 0.07 20 19.93 29.137 70.863 39.465 10.657
80 0.07 29.2 29.13 42.587 57.413 53.376 23.587
82 0.07 34.5 34.43 50.336 49.664 60.382 31.780
84 0.07 42 41.93 61.301 38.699 68.383 42.510
85 0.07 45.3 45.23 66.125 33.875 72.796 49.064
86 0.07 55.5 55.43 81.038 18.962 77.508 56.571
87 0.07 59 58.93 86.154 13.846 82.536 65.172
88 0.07 60 59.93 87.616 12.384 87.899 75.035
89 0.07 65.9 65.83 96.242 3.758 93.618 86.355
90 0.07 67.4 67.33 98.435 1.565 99.712 99.362
Max.
current =
0.0684
mA
Table 1. Observations of Exp. 1 for air-acrylic surface
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