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Determination of cross section for top quark pair production at
LHC and study of jets from top quark decays

Sarvesh Bansal1∗and Kajari Mazumdar2
1M.Sc Physics 2nd year, Physics Department, IIT Delhi
2Department of High Energy Physics, TIFR, Mumbai

Abstract. Currently high energy physicists are trying to find particles beyond the standard model. These new
energetic particles will have top quark as their major background. So to understand these new particles we need
to understand the kinematics of top quark in a better way. In this project we have estimated the production cross
section of top quark pair in LHC proton-proton collision at centre of mass energy of 7 TeV using processed data
made available in open platform by CMS collaboration at LHC, CERN. Also in this project we have studied
the situation of boosted top quarks when LHC machine will collide protons at an energy of 14 TeV. We have
studied the jets from these boosted top quark by generating samples using Pythia Monte Carlo event generator
.We used N-subjettiness parameter to find some characteristics of these jets in order to distinguish top signal
from mainly QCD multijets events.

Keywords: Top Quark Decay, CMS Collaboration, LHC.

1. INTRODUCTION

In the first part of this project we have estimated the production cross section of top quark [1-4]
pair in LHC proton-proton collision at centre-of-mass energy of 7 TeV using processed data made
available in open platform by CMS collaboration at LHC, CERN.
(http://opendata.cern.ch/collection/CMS-Derived-Datasets).

This data corresponds to an integrated luminosity of 50 pb−1 and each event has at least one
muon in the final state as reconstructed by the CMS detector. When a top quark decays (t →bW)
it gives 1 or 3 jets depending on semil-leptonic or fully hadronic mode. Thus top quark pair events
in the data sample must additionally have jets, with at least two jets due to b-quarks (from top and
anti-top) and missing transverse energy due to neutrino. Using Monte Carlo event samples for signal
and various background processes we have studied the kinematics of final state objects and applied
various selection criteria to enhance the signal-to-background ratio of the final sample. The purity
of the selected sample and the efficiency of selection are estimated from Monte Carlo. The cross
section is estimated using experimental data.

∗bansalsarvesh.s@gmail.com
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In the second part of the project we have studied the situation of boosted top quarks when LHC
machine will collide protons at an energy of 14 TeV. At lower energy collisions the jets from a top
quark hadronic decay are distinguishable since they are separated. But at high energy collisions
when the top quark is itself boosted, jets from a top decay are not separable always within the
detector and may be detected as a fat jet. We have studied these boosted top quark jets by generating
samples using Pythia Monte Carlo event generator and used Fastjet method for jet reconstruction.
We looked into the jet substructures using N-subjettiness to find some characteristics of these jets in
order to distinguish top signal from mainly QCD multijets events.

2. PRODUCTION AND DECAY OF TOP QUARK

Top quark can be produced in high energy colliders by two processes.

• Electroweak interaction

• Strong interaction

In electroweak interaction only single top quark is produced with other particles and jets, but
in strong interaction top quarks are produced in pair and with significantly large rate. Top quark is a
heavy and unstable particle so it decays very fast. It decays mostly(branching ratio 99 %)by single
mode.

t→W+b

Now W can decay into leptons W → `ν where ` = e, µ, τ or hadrons W → q1q̄2 where q1, q2 =

u,d, c, s,b. Thus we can have three types of final states when a tt̄ is produced.Figure 1 displays the
cartoons of these (Br is an abbreviation used for branching ratio.).

• Semi-leptonic; t→ b`+ν and t̄→ b̄q1q̄2 and visa versa (Br ≈ 36%)

• Fully Hadronic; t→ bq1q̄2 and t̄→ b̄q3q̄4 (Br ≈ 45%)

• Dileptonic; t→ b`+ν and t̄→ b̄`−ν̄ (Br ≈ 7%)

We have done the analysis of semi-leptonic decay. In semi leptonic decay of tt̄ event, final state
involves a charged lepton, a corresponding neutrino and at least four jets out of which there are two
b-tag jets. Semi-leptonic decay can be divided into three modes with three different leptons µ, e, τ .

158 Student Journal of Physics,Vol. 6, No. 4, Oct-Dec. 2017
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Semileptonic

Fully hadronic

Dileptonic

Figure 1. Figure shows the final states of top quark pair. Top quark decays via
t → W+b. Further W can decay into leptons W → `ν where ` = e, µ, τ or hadrons
W → q1q̄2 where q1, q2 = u,d, c, s, b. Antitop quark also decays similarly. So t and
t̄ collectively gives three final states a) Semileptonic b) Fully Hadronic c) dileptonic.
Details are given in the figure above.

3. ESTIMATION OF CROSS SECTION

3.1 Background

There are many other processes which give the same final state as that of tt̄ event with semileptonic
final state. These are considered as backgrounds. These processes are

• W + jets, Z + jets : W/Z + jets are produces in hadron-hadron collisions. A quark from
one hadron and anti-quark from another hadron get annihilated and produce W/Z. Before
annihilation these quarks emit gluons which on hadronisation give us jets.

Student Journal of Physics,Vol. 6, No. 4, Oct-Dec. 2017 159
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• Di-boson

1. WW: These are produced in following way.
a) qq̄→ Z→W+W− and b) gg→ Z→W+W−.

2. ZZ: these are also produced in similar way to WW just by replacing WW by ZZ in the
final state.
a) qq̄→ Z→ ZZ and b) gg→ Z→ ZZ.

3. WZ: This can be produced by interaction of quark and antiquark of different kinds which
produce a W and W further produce a WZ pair. q1q̄2 →W→WZ

• Single top: Single top quarks are produced via weak interaction. Single top quarks are pro-
duced by three processes.

1. t-channel: This involves the exchange of a space-like W boson. This process is also
called W-gluon fusion, because the b-quark arises from a gluon splitting to bb.

2. s-channel: This involves the production of a time-like W boson, which then decays to a
top and a bottom quark.

3. tW-channel: involves the production of a real W boson. In this process b-quark absorbs
a gluon and then decayes to top quark and real W boson.

• QCD multijets events: Quarks and gluons emit many gluons while moving at high energies.
These gluons get hadronised and form jets. These jets mimic as they are from the decay of a
top quark and hence give a large back ground.

Different process mentioned above have W or Z or jets. W/Z decays to give quarks and lep-
tons(Decay of W boson is discussed in section 2). So in the final states we get leptons and jets
which mimic the decay products of top quark. To find the cross section and to improve the signal
to background ratio of the selected sample we need to reduce the backgrounds by applying various
selection on the data collected in experiments. First we study Monte Carlo samples of various pro-
cesses and try to analyze the final states of each channel and on the basis of the outcome we apply
selection criteria on the data.

160 Student Journal of Physics,Vol. 6, No. 4, Oct-Dec. 2017
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Table 1. Total no. of events and event left after the triggering(Cut1) are given in col-
umn 2 and column 3 respectively. Column 4 and following columns give the efficiency
of different cuts w.r.t to column 3 for various process(0.000 means efficiency of that cut
is zero upto three decimals and 0 means no event is left after that cut).

Process Total events Cut1 Cut2 Cut3 Cut4 Cut5 Cut6 Cut7
tt̄ 36941 4515 0.862 0.829 0.784 0.131 0.039 0.036

Z + jets 77729 77729 0.935 0.850 0.412 0.000 0.000 0
Single top 5684 5684 0.896 0.857 0.838 0.020 0.004 0.003

W+Jets 109737 109737 0.868 0.811 0.811 0.000 0 0
WW 4580 4580 0.888 0.846 0.797 0.001 0 0
WZ 3367 3367 0.917 0.861 0.691 0.001 0 0
ZZ 2421 2421 0.951 0.897 0.417 0.000 0 0

QCD 142 142 0.105 0.077 0.077 0.014 0.007 0.007
Data 469384 469384 0.477 0.434 0.405 0.001 0.000 0.000

3.2 Selection criteria and analysis

1. Cut1- Only Muon Triggered
We take only muon triggered events as our data from CMS. Muon triggering means an event
will be stored only if the detector detects a muon in the final state. If there is no muon
generation then event will be rejected.

2. Cut2- Isolation Criteria < 0.10
A lepton produced in the decay of W (or Z) is not surrounded by other energetic particles
which is opposite to the situation where in QCD process a lepton from the b quark decay
(b→ c`ν) will be surrounded by other particles. In the former case the lepton is isolated. For
isolation we choose energy deposited by all particles within the 0.4 cone radius around muon
with less than 10 % of pt of muon.

3. Cut3- Leading Muon > 26 Gev
In case of leptonic decay mode of W, it is a two body decay (lepton and neutrino). Neutrino
and muon are massless compared to W, so all the energy of W (rest mass energy and kinetic
energy if any) go in as the momentum of muon and neutrino. As the mass of W is around 80
GeV, the maximum momentum of muon is 40 GeV approx. By this selection we reduce the
background due to less energetic muons coming from mainly QCD multijet events.

4. Cut4- No second lepton in the event
In the semileptonic decay of tt̄ there is only one lepton so we need one lepton in the final
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state. But in Z+jets , ZZ there are more than one lepton. So to reduce background due to these
events we choose this criteria.

5. Cut5- Atleast 4 jets with pt > 30 GeV
In the semileptonic decay channel of tt̄ there are two b-tag jets and two quark jets from W, in
total 4 jets. But in Z+jets, ZZ there are not many events with 4 jets.

Figure 2. Left plot shows optimization of missing transverse energy and right plot
shows how efficiency and purity is varying with various cuts applied. Efficiency is
multiplied with the factor of 10 in the left plot.

6. Cut6- Exactly 2 b-tag jets
We get b and b̄ jets from t and t̄ decay respectively. Now why exactly 2 b-tag jets? the answer
is because we can get b- tag jet in single top event but it will give only one b tag jet. So exactly
2 b-tag jet reduce single top event.

7. Cut7- Missing transverse energy > 20 GeV
True missing energy is due to the undetected neutrino. But due to detector resolution there
may be non zero missing energy in the reconstructed event which do not contain any ν. Since
we can’t measure the longitudinal component of energy-momentum in the initial state of the
hard scatter process, so we deal only with the transverse component. Missing energy is defined
as negative of vector sum of all pt. We choose only 20 GeV here because as missing energy
threshold is increased efficiency is decreased but purity remains the same with some small
fluctuations. So it is needed to optimize the efficiency and purity. Graph in Figure 2 shows
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the variation of efficiency and purity with change in missing energy. Efficiency after various
selection criteria is given in table 1.

3.3 Determination of cross section

crosssection(σ) =
Nsignal × Purity

L× ε× Br

Where the branching ratio (Br) of t→ µνb = 13.4% , Br of t̄→ qq̄b̄ = 66.5%
Br of tt̄→ semileptonicmode = 2× Br of t→ µνb×Br of t̄→ qq̄b̄ = 17.82 %
Purity =

Nsignal

Ntotal
= 0.878 Integrated Luminosity (L) = 50 pb−1

Nsignal = Ndata −NBackground = 43− 1.155 = 41.845

Efficiency(ε) =
total no. of signal events passing all cuts

total no. of signal event after trigger
= 0.036

σ =
41.845× 0.878

50× 0.036× 0.178
= 114.540 pb

Estimation of statistical error:

(
∆σ

σ
)2 = (

∆N

N
)2 + (

∆P

P
)2 + (

∆L

P
)2 + (

∆ε

ε
)2 + (

∆Br

Br
)2

∆σ = 27.260 pb σ = 114.540± 27.260 pb

4. STUDY OF JETS FROM THE DECAY OF TOP QUARK

4.1 Hadronic jets in the experiments

Jets are the collimated bunch of particles (mainly hadrons) coming from the hadroniztion of quarks
and gluons. It is mentioned earlier that top decays to W+b and W+ further decays to qq̄ or `ν. If
decay mode is leptonic we can detect lepton using tracking detector and calorimeters. But whenW+

decays to quark we can’t detect it directly because quarks are unstable and they get hadronised to
give many hadrons which we can’t resolve in detectors. We get these hadrons as a collimated bunch
of particles and this is referred to as jets. From the study of kinematics of jets we can associate a jet
from top quark decay.

As there are two quarks in decay of W+(hadronic mode), we get two jets in the final state and
in combination of b quark we get three jets from top quark. As aforementioned, tt̄ event has three
decay modes so accordingly we get 2,4 and 6 jets for dileptonic, semileptonic and fully hadronic
channels respectively.

In case of fully hadronic decay of tt̄ we get 6 jets but this is true when the kinetic energy of top
quark is low i.e top quark is not boosted. At lower energy we are able to resolve the three jets on
the detector. But when energy of top quark is very high, jets produced from decay of top are also
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largely boosted. Hence these jets are very close to each other such that we are not able to resolve
these jets and three jets appear as one fat jet. So at high energy when jets are close to each other it
is needed to study the substructure of jet to associate a jet with the parent top. Figure 3 displays the
cartoon of boosted jet.

Figure 3. Conversion of three jets into a fatjet at high pt

4.2 N-Subjettiness

N-subjettiness is a variable designed to identify boosted hadronic decaying object like top quark. It
is an effective discriminating variable for tagging boosted objects and rejecting the background of
QCD jets with large invariant mass. It allow us to break the jets into subjets creating some imaginary
axis. N-subjettiness is denoted by τN. Where ’N’ stands for the number of subjets in a jet[1].

τN =
1

do
×
∑
k

pT,k ×min[∆R1,k,∆R2,k,∆R3,k.....,∆RN,k]

Here
do =

∑
k

pT,kRo

k runs over the constituent particles in a given jet, pT ,k are their transverse momenta and RJ,k is the
distance in the η − φ plane between a candidate subjet J and a constituent particle k.

Jet with τN ≈ 0 have all their particles aligned with the subjet directions and therefore have
N subjets. Jet with τN � 0 have a large fraction of their energy distributed away from the subjet
directions and therefore have at least N + 1 subjets. So the value of τN tells to what degree our
estimated number of subjets in a fatjet is right.

4.3 Analysis for substructure of top quark jet

For analyzing the conditions at high energy in proton proton collision at LHC we generated top
quark pair event using Pythia event generator with centre of mass energy of 14 TeV. When top quark
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Figure 4. Above graph shows transverse momentum spectra of leading top quark in
proton proton collision at 14 TeV. In the left graph it can be seen that number of events
are decreasing very fast with increasing pt. There are much smaller number of events
above 500 pt. Right graph shows the spectra of boosted top quark above 500 pt .

is generated it shows a distribution of pt of top quark(Figure 4 left plot). As we are interested in
highly boosted top quark we choose only high pt top quark ( eg. above 500 GeV ). But as we apply
this selection criteria, efficiency of sample become very low ∼ 0.29 % .

To get a fair number of events for analysis and to get a good distribution we need to generate a
larger no. of events when the pT of the top quark is above 500 GeV. But to save computing power
instead of generating a large sample we have forced top quark to have pt more than threshold(500
GeV)(Fig 4 right plot). We have also forced the top quark to decay in fully hadronic channel.

At generator level we have full information of final state particles and we reconstructed jets
from particles in the final state using Cambridge/Aachen algorithm of Fastjet [5],[6],[7],[8]. For jet
clustering we choose radius of cone for fat jet from top quark equal to 1.5. With this we get only
65% jets of the generated top events (Fig 5). After constructing jets we use a standard tool called
”top tagger” to find that if the jets are coming from top or from other particles. Now to find the
substructure we use N-subjettiness method. For this we try to find no. of subjets by varing τN for
N = 1, 2, 3.

QCD multijet processes are the dominant source of boosted fat jets which can mimic hadronic
decay of boosted top quark. So we follow the same procedure QCD events and results are shown in
Figure 6 and Figure 7.
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Figure 5. Radius of fat jet from top quark estimated by calculating the distance be-
tween b quark and W quark in η − φ space.
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Figure 6: N-subjettiness of jet from top quark and QCD multijet events.
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Figure 7: Ratios of N-subjettiness of jet from top quark and QCD multijet events.

4.4 Observations

• As the jets from top quark contain three subjets, so it give τ1 � 0(Fig 7 left plot). As we
start increasing the number of subjets from one to three, peak of N-subjettiness starts shifting
to lower value(Fig 7 middle and right plot). 3-subjettiness for three subjet is approximately
equal to zero which confirms that boosted top jet has three subjets.

• In QCD events a boosted jet contains many subjets and these are distributed evenly in the
fatjet and not like a top jet. So when we try to find N-subjettiness for QCD multijets it gives
a peak near zero for τ1, τ2, τ3. It can be seen from blue line in the graphs.

• When we calculate the ratio of these subjettiness it gives different results for top quark jet and
for QCD multijets(Fig 7).

• By using the N-subjettiness variable and its ratios we can distinguish the QCD multijets and
top quark events. We can reduce background by applying optimum cut on τ3

τ2
.
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Abstract: Transportation is a major sector that consumes energy. At present 24.6% of total energy is consumed
in transportation sector around the globe. In India, the percentage of total energy consumed in transportation is
15%.  At  present,  the major  fuel  for  transportation is  fossil  fuel,  which produces a  lot  of  pollution (carbon
imprint) in the environment. Hence the society must move towards the use of electric vehicles or adopting a
clean fuel for vehicle. Hydrogen is an alternate fuel which can be stored in a vehicle directly or in the form of
negative electrode material  of nickel metal hydride (Ni-MH) battery.  In the hydrides some of the important
parameters are the heat of formation and plateau pressure. Until now, the search of optimum material properties
is based on trial and error method by substituting other elements in basic alloy. In the present study, a semi-
empirical formula has been proposed to calculate the heat of formation of AB5 - type multi-component hydrogen
storage alloy. The formula has been applied to calculate heat of formation of binary hydrides, ternary hydrides
and multi-component hydrides. Very good agreement with experimental values has been achieved. The heat of
formation has  also been correlated  with the  plateau  pressure.  This  model  will  help in  predicting important
thermodynamic parameters of novel hydrogen storage materials. 

Keywords: Metal hydride battery, Multicomponent metal hydride, Heat of formation.

1. INTRODUCTION 

Hydrogen storage materials can be utilized in electric vehicles directly or in form of negative
electrode  material  or  nickel  metal  hydride  (Ni-MH) battery  [1,  2]. Heat  of  formation  of
hydride and plateau pressure of pressure-composition isotherm are important parameters of
hydrogen storage material [3, 4]. One of the basic alloys for this application is LaNi5   which
is similar to MnNi5.  The hydrogenation properties of these two alloys do not fulfil all the
requirements for specific applications. Therefore they need to be tailored. Till now, the search
of appropriate material properties  has been based on trial and error methods by substituting
other  elements  in  the  basic  alloy  [5].  Although  multi-component  alloys  offer  better
hydrogenation characteristics in comparison to  basic alloys, no model is known to calculate
heat of formation of hydrides of multi-component hydrogen storage alloy properly.  In the
present paper, a semi-empirical formula to calculate the heat of formation of AB5 - type multi-
component hydrogen storage alloy is proposed. This formula has been applied to calculate the
heat of formation of binary hydrides, ternary hydrides and multi-component hydrides. 
*jyotsanakala1@gmail.com
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2. SEMI-EMPIRICAL FORMULA FOR HEAT OF FORMATION
            To calculate heat of formation (ΔH) of a hydride, Van Mal et al. have given rules of reverse

stability as given below [3]. ΔH for a ternary hydride ABnH2m can be given in terms of the ΔH
values of associated binary compounds by the equation

 (1)

2.1 Proposed formula for multi-component alloy 

We want to consider a system where A and H2m are fixed and  make an alloy at the B site by
substituting some of the B atoms by C atoms. The proposed semi-empirical formula of heat of
formation of a multi-component hydride alloy ABn-pCpH2m is given by

, (2)

where  and  takes values .

This equation interpolates between  and  when  takes values from 0 to n i.e. x

goes  from  0  to  1.  The  heat  of  formation  of  the  ternary   can  be  interpolated  between  the

corresponding values for the binary compounds  and  using the equation

(3)
Most of the time the values of the heat of formation of binary hydrides AHm, BnHm and CnHm, 
for general values of m are not known, but the values for AH3, BnH3 and CnH3 etc. are known. 
We suggest a simple equation to get the unknown values as

(4)

2.2 Calculation of heat of formation of alloy hydrides using equations 2, 3 and 4

Based on the calculation from above mentioned equations 2, 3 and 4 following results have
been obtained.

Table 1. Heat of formation (H) of binary hydrides in units of kcal/mole and verification of
proposed Eq. 4.

No. Compound Heat of formation
Reported 

Reference
of reported

value

Heat of formation 
calculated using Eq. 3

1. LaH3 -60 3 -

2. LaH2 -49.6 3 -40

3. Ni5H3 +1.0 3 -

4. Ni5H2 +0.7 3 0.67

5. Co5H3 +7 3 -

6. Co5H2 +5 3 4.67
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Table 2 - Heat of formation (H) in units of kcal/mole of ternary and multi-component alloy
and verification of proposed Eq. 3. 

No. Compound Reported value of
Heat of formation 

Reference of
reported

value

Heat of formation 
calculated using Eq. 3

1. LaNi5 -40 3 -

2. LaCu5 -24.0 4 -

3. LaCo5 -17.5 3 -

4. LaFe5 +4 3 -

5. LaCr5 +12 3 -

6. LaAl5 -44.4 4 -

7. LaMn5 +1.2 4 -

8. LaNi4Cu -34.2 4 -36.8

9. LaNi4Co - -35.5

10. LaNi4Fe -31.0 4 -31.2

11. LaNi4Al -40.6 4 -40.88

12. LaNi4Mn -32.0 4 -31.64

13. LaNi4Cr - -29.6

Table 3- Heat of formation  (H)  in units of kcal/mole H2,  of ternary and multi-component
hydrides as calculated through proposed Eq. 2. 

S. No. Alloy Heat of
formation
Reported

Reference of the
reported value

Heat of formation
Calculated

1. LaNi5H6 -7.3 4 -6.33

2. LaNi4CoH6 -7.56 4 -7.43

3. LaNi4CuH6 -8.1 4 -8.068

4. LaNi4FeH6 -8.2 4 -8.87

5. LaNi4CrH6 -10.2 4 -10.0

6. LaNi4MnH6 -11.6 4 -11.6

7. LaNi4AlH6 -11.4 4 -13.1

In summary, a good agreement can be seen in the calculated and reported values of heat of
formation of multi-component hydrogen storage alloy using Eq. 2, 3 and 4 in Tables 1, 2 and
3.
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Abstract. Lanthanum Ferrite is a pervoskite ferromagnetic insulator with wide areas of applications such as
electrode material in solid oxide fuel cells, gas sensors and in high temperature atmspheric studies.However,
achieving cent percent success of substitution is always a challenge. Incomplete substitution can result in a high
concentration of structural defects like of Lanthanum by Strontium. The effects of vacancies on different phys-
ical properties have been investigated by different types of probes which unfortunately have not been able to
yield conclusive results. Positron annihilation spectroscopy (PAS) is a well established spectroscopic probe to
investigate defects. Its success in the investigation of defects and defect-related processes in a variety of solids
has enriched the subject of solid state physics. Over the years, it has been recognized as the most sensitive and
reliable among analytical probes that provide information on defects. In the present work, this technique has
been used to extract information on the effects of substitution of La by Sr ions in LaFeO3. The results are
discussed in detail.

Keywords: Ferrites, Defects, Positron annihilation.

1. INTRODUCTION

1.1 Positron Lifetime Measurement

Positron being an antiparticle of electron, its lifetime and stability are very short. Whenever it comes
in contact with an electron, it gets annihilated. The processes involved during the annihilation are
discussed below.
The process starts with the decay of the radioactive sources like the one used in this work Na22 iso-
tope emitting a positron and the daughter nucleus (Na22, in this case) transiting from its excitation
level to the ground state with the prompt emission of the difference in energy (1.276 MeV, in this
case) as a gamma ray. This gamma ray serves as the birth signal of the positron. There is an emis-
sion of two gamma rays after the annihilation of the positron with energy 0.511MeV each, either
of which serves as the death signal of the positron. The time interval between these two signals is
called the lifetime of the positron.
The annihilation of positrons is directly related to the density of electrons at the site of annihilation.

∗aparnatomar7@gmail.com
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The decay rate of positron is given by [1]

λ = πr20cζne (1)

where r0 is the classical electron radius, c the velocity of light and ζ is the enhancement factor
which accounts for the local increase in the density of electrons (ne) due to Coulomb attraction by
the positron. The equation determining ζ is given as

ζ = 1 + 1.23r + 0.8295r
3
2 − 1.26r2 + 0.3826r

5
2 + 0.167r3 (2)

where r is the radius of a sphere whose volume equals the average volume per conduction electron

of the solid. Also, λ =
1

τ
where τ is the positron lifetime.

In solid containing defects, the annihilation of positrons is governed by the following rate equations.

dnb
dt

= −λbnb − κdnb (3)

dnd
dt

= −λdnd + κdnb (4)

where nb is the number of positrons in the bulk nd is the number of positrons in the defects at any
instant of time t and κd is the rate of trapping of positrons from the bulk into the defects.
The above two equations are solved to give positron lifetime spectrum as

N(t) = nb + nd = I1 exp

(
−t
τ1

)
+ I2 exp

(
−t
τ2

)
(5)

where, for simplicity we define the following relations between the various useful physical parame-
ters.

I1 =
λb − λd

λb − λd + κd
(6)

I2 =
κd

λb − λd + κd

Further it can be shown that τ1 = (λb+κd)
−1 and τ2 = λ−1

d It may be further noted that I1+I2 = 1,
i.e., 100% when the relative intensities are expressed in percentage.

1.2 Coincidence Doppler Broadening Spectroscopic Measurements

Whenever electron-positron annihilation takes place, two gamma rays each of energy 0.511 MeV
are emitted in the opposite directions. The positron loses its kinetic energy and linear momentum
to the material due to inelastic collisions through several energy dissipative processes whereas the
annihilating electron has a finite linear momentum. Therefore, according to the law of conservation
of linear momentum, the total momentum after the annihilation cannot reduce to zero. Hence the
gamma rays will be moving away from each other with a slightly different direction and also the
energies will be shifted by magnitudes Eγ1 − Eγ2 = 2∆E = pLc which gives ∆E =

pLc

2
,

174 Student Journal of Physics,Vol. 6, No. 4, Oct-Dec. 2017



Positron Anhilation Spectroscopic Studies of Sr-substituted...

where pL is the longitudinal component of the electron momentum. This shift in the energies of the
gamma rays is known as Doppler shift [1]. It gives an overall broadening to the 0.511 MeV gamma
ray spectrum and it is monitored and the changes as functions of the changing parameters of the
samples are carefully evaluated.

1.3 Angular Correlation

There is a loss of the kinetic energy and hence the linear momentum of the positron when it enters a
material, by virtue of processes likes electronic excitation, ionization of atoms, phonon interaction
and plasmon excitation. Conservation of linear momentum demands that the non-zero momentum
of the electron needs to be conserved. Hence, the two gamma rays move apart making an angle (θ)

with the axis passing through the sample and the detector. The annihilation cross section (σ) given
by Eq. (7) below dominates over the other processes only at very low velocities (v) of the positron

σ =
πr20c

v
(7)

As already mentioned, in order to conserve the linear momentum, the annihilation gamma rays move
in opposite directions with an angle θ, which is given by the equation

θ =
pz
m0c

(8)

where m0 is the mass of either the electron or the positron. The momentum distribution in two
dimensions (py and pz) can also be recorded in this way in two-dimensional angular correlation of
annihilation radiations (2d-ACAR) measurements.
Angular correlation studies have not been carried out in the present work being reported here.

2. EXPERIMENTAL DETAILS

The positron lifetime spectra were recorded using a slow-fast gamma ray spectrometer [2]. The data
was analyzed using the PALSfit program [3]. This is done in two stages, RESOLUTIONFIT and
POSITRONFIT. In RESOLUTIONFIT, the program is used to calculate the instrumental resolution
function which consists of a number of Gaussians with respective FWHMs, intensities and displace-
ments and deconvolutes it from the recorded positron lifetime spectrum. The resultant spectrum,
after the background subtraction, is a true multi exponential decay spectrum. The POSITRONFIT
program is then used for fitting the resultant spectrum with a number of decaying exponentials and
also incorporates the source correction for contributions from the source backing materials which
otherwise interfere with the spectrum of the samples. The program continues the iteration procedure
till the best reduced chi-square is obtained. Typically values between 0.9 and 1.2 are accepted as
good fit. The corresponding positrons lifetimes and intensities are considered as the final results.
The coincidence Doppler broadening spectroscopy data are analyzed with the help of the OriginPro
8.5 software.
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3. RESULTS AND DISCUSSION

3.1 Results of analysis of positron lifetime spectra

The peak normalized positron lifetime spectra of all the samples are shown in Fig. 1. The nature
and shape of the curves indicate the multi exponential decaying nature of the spectra and which is
a clear evidence to the presence of large positron lifetimes. The large positron lifetimes within the
samples show the presence of defects in the samples. The positron lifetimes and intensities obtained
from the PALSfit analysis are given in Table 1.

Figure 1. Peak normalized positron lifetime spectra of the samples

The nature of variation of the different positron lifetime parameters with different concentration
of Sr is rather smooth and makes the interpretations easy and straightforward. The initial decrease
of τ1 is due to the diminishing contribution of positron annihilation in the bulk, which happens when
more number of positrons are trapped in defects. For this to happen, the defect concentration needs
to have increased. This is confirmed by the increase of the intensity I2 at this stage.

Table 1: The positron lifetimes and relative intensities obtained from the PALSfit analysis and the
calculated mean lifetime and the bulk lifetime in the different samples.

Concentration of
Sr3+

τ1(ns) τ2(ns) τ3(ns) I1(%) I2(%) I3(%) τm(ns) τb(ns)

0 0.1434 0.4781 2.7979 87.6567 11.3974 0.9459 0,20666 0.15737
0.1 0.131 0.3604 3.9904 75.066 24.6401 0.2939 0.19887 0.15589
0.2 0.1383 0.3838 3.9628 76.0649 23.6214 0.3137 0.20829 0.1635
0.3 0.1452 0.401 4.2581 78.1673 21.5506 0.2821 0.21193 0.16888
0.4 0.1437 0.3825 4.6498 79.2838 20.4311 0.285 0.20533 0.16523
0.5 0.1417 0.3725 3.0733 67.4171 32.0733 0.3947 0.22713 0.17793

The sharp decrease in τ2 in the initial stages of strontium incorporation indicates a reduction in
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the sizes of the vacancy type defects which trap positrons. One more reason for the substantial drop
in τ2 can be as follows. Initially, in the undoped sample, the positrons were able to diffuse till the
surfaces of the nanocrystallites and get annihilated on the surfaces. But, complete replacement of
La3+ with Sr2+ does not take place and, on the other hand, as we keep on increasing the percentage
of doping, this factor keeps on decreasing. The process also results in the formation of vacancies
with virtual negative charges and the positrons are strongly trapped in these vacancies and get anni-
hilated before reaching to the surface.

The intensity I2 shows a sharp increase which indicates that additional defects are created due to
non-occupancy of the vacant lattice sites by the ions of the elements with which doping is done.
Thus, we see more defects in doped sample as compared to undoped one.

The behaviour of τ3 and I3 are explained as follows. This lifetime and intensity is due to the for-
mation of orthopositronium atoms in the intercrystalline regions. Orthopositronium is a metastable
bound state of an electron and a positron with their spins oriented in the same direction to give a
triplet configuration. The annihilation of orthopositronium in a material normally occurs through
the pick-off process where an electron with opposite spin takes away the positron and forms the spin
singlet parapositronium, which has a much reduced lifetime. The effective lifetime is therefore a
few nanoseconds only. The increase is basically due to the increase in the intercrystallite separa-
tion. This happens when cations of higher radii are doped to replace existing host cations. Due to
the increased ionic radii, strain is developed within the crystallite. One way to get rid of the strain is
to accommodate the substituted cations at sites closer to the surfaces of the crystallites. As concen-
tration of substitution is increased, more ions are to be accommodated at the surfaces. This implies
more surfaces are required and hence the sizes of the crystallite are reduced to enhance the surface
to volume ratio. As the crystallite sizes are reduced, their separation increases and is reflected in the
increase of τ3.

The decrease in I3 is explained as follows. The actual substitution decreases on increase in the
known incorporated substitution and hence we have more number of free Sr2+ ions in the intercrys-
tallite region and hence it reduces the probability of positronium formation.

Both the mean positron lifetime and the bulk positron lifetime increases with substitution. The
increase of τm reflects the dominance of τ3 which increases due to the increase in the intercrystal-
lite separation. The reason of the increase in τb is not clearly understood at this stage but will be
discussed elsewhere.

3.2 Coincidence Doppler Broadening Measurements

For Doppler Broadening measurements, energy sensitive detectors with high energy resolution are
required. So we have used High Purity Germanium detectors (HPGe) with an energy resolution of
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about 1.3 keV at 0.511 MeV. The HPGe detectors are operated with the crystal at liquid nitrogen
temperature to minimize the leakage of current due to thermally generated charge carriers. A digi-
tally stabilized multi-channel analyzer (MCA) has also been used for data acquisition and storage.
The signal is generated here through the process of electron-hole pair production by the absorbed
gamma ray energy and collecting the charge carriers so produced across an electric field by giving
high operating voltages to the detectors. The signals are then processed using a series of nuclear
electronic modules like timing filter amplifiers (TFAs), constant fraction discriminators (CFDs),
delays, a TAC/SCA, gate and delay generator (GDG), linear gate and stretcher (LGS) etc. The sig-
nals from the GDG+LGS serve as the master-gate for the amplifier signals to get registered within
the multichannel analyzer (MCA). The advantage in using the coincidence system is that the high
nuclear gamma ray background which may submerge the core electron momentum events can be
almost fully eliminated.
The ratio curves of the CDB spectra are generated by dividing the one-dimensional projection of the
events parallel to the ∆E = E1 − E2 axis within a window of 1.022 + /− 0.00087 MeV with the
corresponding spectra of pure and defect-free aluminium and are shown in Fig. 2(left). The promi-
nent peak around pL(10−3m0c) = 9.66 indicates the annihilation of positrons with the 2p electrons
of oxygen ions [4]. This means positrons are getting trapped at the vacancies of the cations. As
vacancies of the La3+ and Fe3+ cations are negatively charged, positrons will be strongly attracted
towards these vacancies.

Figure 2. The ratio curves generated from the CDB spectrum of the samples with
respect to reference aluminium (left) and the x = 0 samples (rightF).

On the other hand, since the vacancies of the O2− ions are positively charged, positrons will be
repelled by these vacancies. Still, in order to see the effect of substitution, another set of ratio curves
are generated with the x = 0 sample as reference and these results are presented in Fig. 2(right).
The curves are showing a broad peak around pL(10−3m0c) = 1216 which perhaps indicates the
substitution effects [4].

The CDBS peak ratios at pL(10−3m0c) = 9.66 plotted against the doping concentration (Fig.
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Figure 3. The CDBS peak ratios at pL(10−3m0c) = 9.66 plotted against the doping
concentration of strontium ions.

3) shows a drastic decrease between 0.2 and 0.3, which indicates the effects of substitution. There
should have been a continuous increase due to the increase in defect concentration (as indicated
by I2). The fact that the CDBS peak ratio decreases indicates a reduction of positron trapping in
cationic vacancies. In other words, some of the cationic vacancies are indeed getting occupied by
strontium ions.

4. SUMMARY AND CONCLUSION

In this work, we have carried out positron lifetime and CDBS measurements on LaFeO3 samples in
which La3+ are progressively substituted by Sr2+ ions. We have been able to show from this study
that the evolution of structural changes in the parent compound with changes in external parameters
such as doping concentration can be directly seen through positron annihilation measurements.
While it is always desirable to support the findings through other techniques such as X-ray diffrac-
tion, PAS studies can give information on certain aspects of substitutions.

We summarize the main parts of our findings.

• Up to x = 0.4, a number of fresh vacant lattice sites are being created as a significant fraction
of the replaced La3+ sites are not getting occupied by the Sr2+ ions due to the mismatch of
the ionic radii of La3+ and Sr2+.

• Positronium formation within the intercrystallite region is significantly reduced on introduc-
ing Sr2+ ions due to dispersion of a fraction of them in the intercrystallite region. At the
same time, due to the increase in the intercrystallite separation, the lifetimes of positronium
increases. The decrease in crystallite sizes occurs due to strain minimisation through a process
of near-surface atomic substitution that necessitates an increased surface to volume ratio and
consequently a decreased crystallite size.
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• Above x = 0.4, it is conjectured that additional phases are being formed because of which
the positronium lifetime drastically reduces. We need to perform complementary experiments
like XRD or transmission electron microscopy (TEM) to confirm these arguments.

• The results from CDB experiments also support these findings.

In conclusion, the substitution of La3+ ions by Sr2+ ions results in the creation of more defects
in the compound due to ionic radii mismatch. However, it is still possible to alter the properties
for better use and applications. Beyond x = 0.4, it is advisable to restrict the substitution of the
parent compound and explore improved methods of reducing the defect concentration and the phase
instabilities.
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Abstract:  Ferromagnetic shape memory alloys (FSMA) exhibit Austenite – Martensite phase transformation
which is a diffusionless structural transformation from a high temperature cubic phase to a lower temperature
lower  symmetry  phase,  like  orthorhombic,  monoclinic  etc.  These  structural  transformations  are  generally
studied through resistivity, magnetization etc measurements. In this paper we discuss the results of our work on
a Ni based FSMA alloy having composition Ni60Fe19Al21 in order to find the shape memory effect closer to the
room temperature. This compound can be a very useful substitute for other present systems in the category of
smart materials. In addition to the conventional methods, we have also investigated the microstructure,  AC
resistivity as well as magnetic properties of this compound. 

Keywords: Shape memory alloy, Smart materials, Microstructure, Heusler alloys.

1. INTRODUCTION

1.1 Heusler Alloys

Heusler alloys are inter-metallic compounds with fcc structure characterized by the chemical formula
X2YZ (Full Heusler alloy) and XYZ (half Heusler alloy), where X and Y are transition metal atoms
and  Z  lies  in  the  p-block  of  the  periodic  table.  These  alloys  exhibit  ferromagnetism,  anti-
ferromagnetism,  superconductivity,  thermoelectricity  and  magneto  resistance.  The  first  Heusler
compound  was  discovered  by  the  German  scientist  Heusler  in  1930,  who  showed  that  in  these
compounds or alloys, magnetism varies with heat treatment. Some of the Heusler alloys show the
properties of Ferromagnetic Shape Memory Alloys (FSMA). These are composed of Ni, Mn, Ga, Al,
Fe, Co, Ge, Pd (like Ni2MnAl, Ni2MnGa, Ni2MnIn, Ni2MnSn, Ni2MnSb, where Ni is X, Mn is Y, and
Al, Ga, In, Sn, Sb are  Z). The size and shape of FSMA can be altered by an external magnetic field.
(see reference [1-16])

1.2 Ferromagnetic Shape Memory Alloys

When the temperature of the martensitic phase is increased, it converts into the Austenite Phase; this
transformation  involves  a  transition  from the  tetragonal  structure  of  the  martensitic  to  the  cubic
structure of the austenite (See Figure 1). Ferromagnetic Shape Memory (FSM) effect usually occurs in
the low temperature Martensitic phase of the alloy. FSMAs undergo changes in their original structure
when placed in an external magnetic field or alternatively by the effect of heat.  For example, the
shape of a FSMA changes in the presence of an external magnetic field and the original shape is
recovered when the field is removed. A similar effect also occurs under heat treatment. The recovery
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 of the original shape by cooling or removal of the magnetic field occurs because the low temperature

 structure of FSMA has twin variants. During the application of magnetic field, as is common in
several magneto elastic smart materials, there occurs simultaneous rotation of magnetic moments and
reorientation of twin variants, (refer to the Figure 1). In the presence of external magnetic field, the
boundaries between the variants are shifted and the domains align along one direction. When the
magnetic field is removed the original domain structure reappears. 

Magnetic  anisotropy (MI)  plays  a  crucial  role  in  determining  the  energy required  to  change  the
magnetic structure in FSMA. The strength of MI determines the maximum strain associated with the
FSMA property and which can be used for applications like  actuators,  sensors,  memory devices,
magnetic cooling systems and next generation material for aerodynamics. 

`

Figure 1–Schematic diagram showing the phase transformation of FSMA

2. SAMPLE PREPARATION
2.1 Weighing And Cutting

Approximately  2  grams  of  polycrystalline  Ni60Fe19Al21  alloy  was  prepared  using  an  Arc  melting
furnace. High purity of raw elements Nickel (99.99%), Fe (99.99%) and Al (99.99%) were used. For
this sample, Ni is around 1.3684 gm, Fe is around 0.4163 gm and Al is around 0.2217 gm.  The
sample is cut by Stanley Bolt cutter.
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2.2 Melting

The alloy is melted in a Vacuum Arc Melting Furnace (See Figure 2). First we cleaned the glass
chamber by acetone and then we made vacuum inside chamber (glass)  around 10-3  pa.   Then the
weighed sample was kept on a copper crucible and was melted in an arc furnace three times under the
flow of  argon gas.  The system was  simultaneously  cooled  by the  chilling  water.  The reason for
melting three times is to improve the homogeneity of the alloy.

Figure 2-Vacuum Arc Melting Furnace set up and copper hearth 

2.3 Cutting, Annealing, Polishing

Next step is to cut the arc melted sample into three parts using an anisomet diamond cutter, which
took approximately 5 to 6 hours under a constant rpm (3rpm). The three parts were  then polished
with  a polishing machine for nearly 2 hours for each part. Then two parts are put in a sealed Quartz
ampule for heat  treatment to increase the homogeneity of the sample further.  The next step is  to
anneal the sample at 10000C for 48 hours. This is done through a resistive furnace whose temperature
is fixed at the desired value for a given prescribed time. This is followed by a rapid quenching in
cooled water. This was necessary to decrease the amount of undesired gamma phase and to give better
results in our experiments. The annealed sample is then polished with the help of a polishing machine
for 1 hour approximately for both the parts. The sample is then placed over the polishing cloth which
is rayon fine and 1 micron in grit size, and chromium oxide  powder was used to remove the dust from
the sample surface. This is needed to get a more shinier surface as well as to get sharp edges. Now the
sample is ready for different characterization experiments.

3. SAMPLE ANALYSES:
3.1 Resistivity Measurement

Resistivity measurement is done through a custom designed four-probe setup starting from a low
temperature of 100 K to a maximum temperature of 300 K. This experimental set up consists of the
four probe arrangement, sample holder, constant current generator, power supply and digital screen
for measuring voltage and current across the probes (See Figure 3). 
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Since the resistivity ρ is R*A/ L, we measured the length L of the sample as 2.5 mm, width of the
sample as 0.8 mm (area A is 2.00 mm2).  From the experiment we found the resistance R of the
sample with current fixed at AC frequency of 111.11 Hz and Voltage around 5 Volts with the known
standard resistance 35.5Ω. The values of the ρ is obtained as a function of temperature ranging from
4K to 300K.

Figure 3. Indegenously designed set up to measure resistivity using ac four probe method

3.2 XRD Measurement

One  part  of  the  sample  is  used  for  the  XRD  Measurement,  carried  out  by  Rigaku  X-Ray
Diffractometer at 2deg/min. The measurements were carried out from  10 to 90 degrees, which is
based on Bragg’s diffraction equation  2d sinθ = nλ ,  where the angle θ  is the diffraction angle and λ
is the wavelength of the x- ray beam and d is the spacing between the two atomic layers.

3.3 FESEM 

FESEM  is  Field  Emission  Scanning  Electron  Microscope,  which  is  used  to  characterize  the
topological details of a fractured surface. It has a range of imaging from 100 μm to 5μm, which is
quite good for surface analyses. 
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4. RESULT
4.1 Data Analyses

Figure 4 – Structural transformation under the temperature changes.

In Figure 4, we show the temperature dependence of resistivity in the range from 4K-300K. We find
the austenitic to martensitic transition while heating and Martensitic transformation while  cooling.
The Martensitic transformation process starts below the room temperature at M s (242 K) and finish at
Mf (188  K).  When  we  heat  the  sample  upto  the  room  temperature  we  found  the  Austenitic
transformation starts at As (221 K) and finish at temperature A f (264 K).  To confirm that there is
Austenitic to Martensitic transformation, we measured the magnetization of the sample in a constant
field of 150 Oe in the temperature range 80 K to 400 K.

Through the XRD measurements we were able to characterize the structure of the alloy (See Figure
5). The XRD  peaks were matched with the Full Prof Software and also with JCPD data base system.
It has fcc austenite structure with the peaks at (110) and (211), at different positions and body centered
cubic structure with peaks at different positions (111), (222) (see below).  In addition there are some
other peaks associated with gamma rich phases. These observations confirm the presence of austenitic
phase and martensitic phase.

These observed XRD peaks clearly indicate that the as prepared alloy possess two phases beta (β) and
gamma (γ) at room temperature. The Single phase (β) Ni-Fe-Al alloy shows very sharp martensitic
transition, but has extremely low ductility at room temperature. The presence of the second phase (γ)
with disordered fcc structure as a solid solution in NiFeAl system renders the β-phase ductile at room
temperature and makes it useful for practical applications. ( see [14])
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Figure 5- XRD observation for as prepared and annealed sample

4.2 FESEM   Analysis

With the FESEM we are able to find the two phases in the NiFeAl alloy and this has been matched
with the work done on FSMA NiFeAl alloy before. (see [15]) We have also confirmed this from our
XRD analyses. In Figure 6a and 6b we show the FESEM images for as prepared sample and for the
sample annealed at 10000 C. The Curie temperature of the unannealed sample is low, around 123K.
Annealing the sample removes defects and is expected to bring the transition temperature range closer
to  the  room temperature.  As  we  anneal  the  sample at  1000 degree  Celsius  we  expect  the  Curie
temperature for the system to increase and come closer to the room temperature. (see reference [16])
We have also seen that annealing makes the structural transition from austenitic phase to martensitic
phase closer to the range of room temperature around 300K. Therefore it is clear that annealing the
sample is very important.
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5. CONCLUSION 

In this paper we have focused on the synthesis and characterization study of the FSMA Ni 60Fe19Al21

alloy,  which is an excellent alternate system for the commonly used FSMA, NiMnGa. In contrast to
the low ductility of the Ga system, the Fe alloy has high ductility and it is not brittle. This makes the
Ni60Fe19Al21   alloy suitable as  ferromagnetic shape memory alloy for application as actuators and
sensors. In order to understand the full range of its properties one has to perform other measurements
such as  Differential  Scanning Calorimetry and low temperature  XRD. Further  study will  involve
annealing the system at different temperatures and study how the FSM properties change with this in
order to optimize the system for application. 
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Abstract. The prediction of arrival time or first passage time statistics of a quantum particle is an open
problem, which challenges the foundations of quantum theory. One of the most promising and insightful
approaches to this problem stems from the de Broglie-Bohm pilot-wave theory (a.k.a Bohmian mechanics).
Applying the fundamental postulates of this theory, we analyze a simplified first passage time experiment and
derive the empirical passage time distribution Π(τ). Implications of our results are also discussed.
Keywords: arrival time operator, tunneling time, Bohmian mechanics, pilot-wave theory.

1. INTRODUCTION

In non-relativistic quantum mechanics, the probability of finding a particle in a small spatial volume
d3r around position rrr at a fixed time t is given by Born’s rule |ψ(rrr, t)|2d3r, where ψ(rrr, t) is the
wave function of the particle. However, a formula for the probability of finding the particle at a fixed
point rrr between times t and t + dt is the matter of an ongoing debate. One might wonder, why is
it so easy to speak about a position measurement at a fixed time, yet so hard to speak about a time
measurement at a fixed position? For concreteness, consider the following experiment: a particle of
mass m is prepared in the state1

ψ0(rrr) =
e−

1
2 (r/a)

2

(
√
π a)3/2

(1)

at time t = 0, where a is some fixed width of the wave function and rrr ≡ (r, ϑ, φ) are the standard
spherical polar coordinates. A spherical detector placed at r = d registers a click when the particle
crosses r = d and records the first passage time of the particle, denoted by τ . Let’s assume that the
experiment can be repeated several times, keeping ψ0 unchanged in each run. Unsurprisingly, the
detector click instants would vary from experiment to experiment, i.e., one would obtain a random
sequence of passage times τ1, τ2, τ3 ... What is the probability distribution of these passage times
Π(τ) as a function of a and d?

The prediction of first passage times of a quantum particle has a long history [1, 2]. The very
notion of arrival or passage time of a particle is not well posed within the orthodox (or Copenhagen)
interpretation of quantum mechanics, since the particle is said to not have a well defined position at

∗Siddhant.Das@physik.uni-muenchen.de
1State preparation is discussed in detail below.

188



Quantum First Passage Time Problem...

a given instant of time. However, the problem of timing the motion of quantum particles surfaced
long before any known interpretations of quantum mechanics came into being. As early as 1925,
shortly after the invention of matrix mechanics, Wolfgang Pauli wrote to Niels Bohr:

“In the new theory, all physically observable quantities still do not really occur. Absent, namely, are
the time instants of transition processes, which are certainly in principle observable (as for exam-
ple, are the instants of the emission of photoelectrons). It is now my firm conviction that a really
satisfying physical theory must not only involve no unobservable quantities, but must also connect
all observable quantities with each other. Also, I remain convinced that the concept of ‘probability’
should not occur in the fundamental laws of a satisfying physical theory.” (§ 1.1 [1])

Pauli’s early views on the problem of time in quantum mechanics greatly influenced the subsequent
research on this subject. In particular, he showed that a self-adjoint time operator T̂ , canonically
conjugate to the Hamiltonian Ĥ , viz.

[Ĥ, T̂ ] = i~ (2)

(just like position and momentum) implied that the spectrum of Ĥ would be unbounded from below,
which in turn implied that matter couldn’t be stable. This result raised doubts on the status of the
‘time-energy uncertainty relation’

∆E∆T ≥ ~
2
. (3)

Despite these impediments, many physicists have attempted to incorporate a respectable time ob-
servable by extending the basic framework of quantum theory (see [1, 2] for various attempts),
although there is no general consensus among physicists on this subject.

The notion of arrival or first passage time is most naturally connected with that of particle
trajectories, an idea not taken seriously, for example, in the Copenhagen interpretation of quantum
mechanics. Therefore, it has long been realized that quantum theories comprising of actual particle
trajectories, such as Bohmian Mechanics (a.k.a. de Broglie-Bohm pilot-wave theory, or the causal
interpretation of quantum mechanics) provide a natural framework for addressing this problem.

In this theory, the idea of a particle is taken seriously, i.e., it is described as a point mass with
a well defined trajectory RRR(t). The motion of the particle is choreographed by the wave function
ψ, which satisfies the time dependent Schrödinger equation [3–5]. Guided by the wave function,
the particle executes a highly non-Newtonian motion (hence the name pilot-wave), which under-
lies the wave-like properties seen in interference experiments. The theory is deterministic, hence
the characteristic randomness of quantum mechanical experiments is understood as an artifact of
one’s ignorance of initial conditions. Bohmian mechanics is shown to be empirically equivalent to
quantum mechanics in the sense that it makes the same predictions as orthodox quantum mechanics,
whenever the latter is unambiguous [3, 4].

However, as indicated above, time measurements are problematic within the current formula-
tion of quantum mechanics (also evidenced by recent attoclock experiments [6, 7]). While there are
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a number of conflicting definitions of transit times, arrival times, etc., within orthodox quantum me-
chanics [1, 2], Bohmian mechanics privileges one, namely, the time taken by the Bohmian trajectory
of the particle to strike a detector. Therefore, we ask: can the de-Broglie Bohm particle law of mo-
tion be made relevant to experiments? We try to answer this question in this paper, using the above
experiment as a prototype. However, “we do not contest the correctness of quantum mechanics in
the domain where it is unambiguous, testable and confirmed, but enquire whether that domain can
be enlarged”(§ 5.5 [4]).

2. ELEMENTS OF BOHMIAN MECHANICS

In Bohmian mechanics a particle has a well defined positionRRR(t) at time t, which is a vector in R3.
In the course of time, the particle moves on a deterministic (Bohmian) trajectory RRR with velocity
vector ṘRR specified by the guidance law

ṘRR(t) =
d

dt
RRR(t) =

~
m

Im

[
∇∇∇ψ
ψ

]
(RRR(t), t). (4)

Here, ψ(rrr, t) ∈ C is the wave function of the particle, which satisfies the Schrödinger equation

i~
∂

∂t
ψ(rrr, t) = − ~2

2m
∇2ψ(rrr, t) + V (rrr)ψ(rrr, t) (5)

with some initial condition ψ(rrr, 0) ≡ ψ0(rrr). Equations (4) and (5) describe an isolated spin-0 par-
ticle of mass m and have analogues suitable for describing both multi-particle systems and particles
with spin. The equations of motion in the latter cases are rather involved, and for simplicity will not
be discussed here. The dynamical equations stated here are time reversal invariant, rotationally in-
variant, and the r.h.s. of (4) transforms as a velocity under Galilean boosts. These properties qualify
Bohmian mechanics as a legitimate nonrelativistic theory. Applying Eq. (4) to any phenomena of
interest, one obtains a very intuitive understanding of the actual dynamical processes at work, which
are otherwise denigrated in the operational ‘shut up and calculate’ approaches (see [8–15] for many
detailed examples). A satisfactory account of the theory can be found in [3–5].

As stated before, the probabilistic character of quantum mechanics arises in this theory as a
consequence of ignorance of initial conditions, therefore the key insight for analyzing Bohmian
mechanics lies within the foundations of statistical mechanics (especially in the ideas of Ludwig
Boltzmann). This gives rise to the well known Born’s rule [16], which states that the particle position
at time t is distributed according to |ψ(rrr, t)|2, independent of any measurement prescription. In the
next section we apply these basic principles to derive the empirical first passage time distribution
Π(τ) for the experiment outlined above.

3. FORMULATION

The picture we have in mind is that the wave function ψ(rrr, t) evolves in time satisfying Eq. (5) with
initial condition ψ0, while the particle moves on a well defined Bohmian trajectory RRR(t) satisfying
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(4), hence it’s first passage time is unambiguously determined. One also needs to specify the initial
position of the particle on the trajectory, viz. RRR(0) ≡ RRR0 for solving Eq. (4). However, the particular
RRR0 realized in an experiment is not known, hence the exact trajectory of the particle changes from
experiment to experiment, and as a result the measured passage times appear random.

The first passage time of the particle is simply the first instant at which it’s trajectory crosses
r = d. More formally, we can write

τ(RRR0) = min{t|R(t,RRR0) = d, RRR0∈R3}, (6)

where R(t,RRR0) = ‖RRR(t,RRR0)‖ is the radial coordinate of the particle at time t. We have explicitly
indicated that the first passage time on any trajectory depends on the initial position RRR0. However,
definition (6) is incomplete, as it is not applicable to trajectories that never cross r = d. For such
trajectories, we can set the passage time to ∞, since in these instances the detector would never
click.

We return to a more detailed description of the experiment and the results. Introducing new
dimensionless variables

rrr′ =
rrr

a
, d′ =

d

a
, RRR′ =

RRR

a
, ψ′ =

ψ

a−3/2
, t′ =

~
ma2

t, (7)

we can rewrite the dynamical equations in a convenient nondimensionalized form, viz.,

d

dt′
RRR′(t′) = Im

[
∇∇∇′ψ′

ψ′

]
(RRR′(t′), t′), (8)

i
∂

∂t′
ψ′(rrr′, t′) = −1

2
∇′ 2ψ′(rrr′, t′), (9)

where∇∇∇′ denotes the gradient w.r.t. the primed coordinates, and the external potential V has been
set to zero. Henceforth, we will suppress the primes for brevity.

We begin by solving the time dependent Schrödinger equation (9) with initial conditionψ0(rrr) =

π−3/4e−r
2/2. An easy way to accomplish this is by means of Fourier transforms. Employing stan-

dard Fourier transform conventions

ψ̃(kkk, t) =

∫
R3

d3r e−ikkk·rrrψ(rrr, t), (10a)

ψ(rrr, t) =

∫
R3

d3k

(2π)3
eikkk·rrrψ̃(kkk, t), (10b)

we substitute Eq. (10b) into (9), obtaining

∂

∂t
ψ̃(kkk, t) = −ik

2

2
ψ̃(kkk, t)⇒ ψ̃(kkk, t) = A(kkk)e−i

k2

2 t. (11)

Here, A(kkk) is an arbitrary function of kkk, which can be determined from the initial condition ψ0. In
particular,

A(kkk) = ψ̃(kkk, 0) =

∫
R3

d3r e−ikkk·rrrψ0(rrr) = π−3/4
∫
R3

d3r e−ikkk·rrr−r
2/2 = (2

√
π)3/2e−k

2/2,

(12)
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where the integral is easily evaluated in Cartesian coordinates. Substituting (12) into (11), and the
result into (10b), we obtain the time dependent wave function

ψ(rrr, t) = (2
√
π)3/2

∫
R3

d3k

(2π)3
eikkk·rrr−(1+it) k2

2 =
e−

r2

2(1+it)

(
√
π (1 + it))3/2

, (13)

where the evaluation of the integral proceeds exactly as in (12). From (13) we see that the wave
function propagates dispersively, i.e., it spreads isotropically in all directions with a width σ(t) =√

1 + t2 that increases with time.2

Next, we look at the Bohmian trajectories, which are the integral curves of the Bohmian veloc-
ity field

vvvBohm(rrr, t) = Im

[
∇∇∇ψ
ψ

]
(rrr, t) =

t

1 + t2
r r̂rr, (14)

which in our case turns out to be a radial vector field. The particle position at time t is

RRR(t) = R(t) [cos Θ(t) sin Φ(t) x̂xx+ sin Θ(t) sin Φ(t) ŷyy + cos Φ(t) ẑzz] , (15)

the time derivative of which is

ṘRR(t) = Ṙ(t) r̂rr(t) +R(t)Θ̇(t) sin Φ(t) ϑ̂ϑϑ(t) +R(t)Φ̇(t) φ̂φφ(t), (16)

where

r̂rr(t) = cos Θ(t) sin Φ(t) x̂xx+ sin Θ(t) sin Φ(t) ŷyy + cos Φ(t) ẑzz, (17a)

ϑ̂ϑϑ(t) = − sin Θ(t) x̂xx+ cos Θ(t) ŷyy, (17b)

φ̂φφ(t) = cos Θ(t) cos Φ(t) x̂xx+ sin Θ(t) cos Φ(t) ŷyy − sin Φ(t) ẑzz. (17c)

The r.h.s of the guidance law (8) can be evaluated using Eq. (14), and comparison with the above
derivative yields the component equations

Ṙ(t) =
t

1 + t2
R(t), R(t) sin Φ(t)Θ̇(t) = 0, R(t)Φ̇(t) = 0. (18)

If we let R(t) = 0, then all equations are trivially satisfied, however the initial condition R(0) = R0

cannot be satisfied. For the same reason we cannot have sin Φ(t) = 0, hence the only remaining
possibility is Φ̇(t) = 0 and Θ̇(t) = 0. These equations are readily solved:

Θ(t) = Θ0, Φ(t) = Φ0, (19)

which imply that the particle moves radially on a straight line. The differential equation for the
radial coordinate is separable and admits a simple solution of the form

R(t) = R0

√
1 + t2. (20)

2By width we mean that of |ψ| =
√
ψ ψ∗.

192 Student Journal of Physics,Vol. 6, No. 4, Oct-Dec. 2017



Quantum First Passage Time Problem...

Since R(t) > 0 for all t, the particle moves radially outwards with a nonuniform radial velocity
(compare this with free Newtonian motion). However, as t→∞

R(t) = R0t

√
1 +

1

t2
= R0t

(
1 +

1

2t2
−· · ·

)
∼ R0t+O(t−1), (21)

thus the velocity approaches R0. This asymptotic radial velocity (restoring ~, m and a),

v∞ =
~R0

ma2
, (22)

is a characteristic feature of free Bohmian motion. Note that particles starting far away from the
centre of the wave packet acquire larger asymptotic velocities. In fact, all particles starting outside a
sphere of radius a2/λc acquire superluminal speeds as t → ∞, where λc = ~/mc is the (reduced)
Compton wavelength. This shouldn’t come as a surprise, since Eq. (8) and (9) (just like Newton’s
equations of motion) are only Galileian covariant, hence do not comply with the principles of special
relativity.

Since the Bohmian trajectories propagate radially outward, any trajectory crosses r = d only
once, providedR0 < d. The first passage time (or simply the passage time) τ can thus be determined
by solving the equation R(τ) = d, which yields (cf Eq. (6))

τ(RRR0) =


√

(d/R0)2 − 1 R0 ≤ d

∞ R0 > d
. (23)

We have set τ = ∞ for all trajectories starting outside the detector, as they would not cross the
detector in finite time. It must be remarked that Eq. (23) is exclusive to Bohmian mechanics with no
known analogue in standard quantum mechanics. However, experience shows that in most situations
of interest, the guidance law cannot be integrated analytically, hence an explicit formula connecting
the passage time τ to the initial particle position RRR0, such as (23), cannot be found. Thus, one can
typically at best approximate Π(τ) from a large number of Bohmian trajectories, which must be
computed numerically.

We focus now on a derivation of the empirical passage time distribution Π(τ) for the case at
hand. Recall that we are considering an ensemble of identically prepared experiments with |ψ0|2-
distributed initial particle positions, hence the probability distribution of the passage time τ(RRR0) is
given by

Π(τ) =

∫
R3

d3R0 |ψ0(RRR0)|2 δ(τ(RRR0)− τ), (24)

where δ(x) is the Dirac delta function. Since τ(R0) = ∞ whenever R0 > d, one has to cautiously
deal with the object δ(∞−τ). This calls for a long mathematical digression, which is not absolutely
necessary, for we may instead consider the statistics of a quantity related to τ , namely, its reciprocal

ν(RRR0) = τ−1(RRR0) =


1√

(d/R0)2−1
R0 ≤ d

0 R0 > d
. (25)
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Note that the distribution of the first passage time τ , and that of it’s reciprocal ν, are equivalent
statistical characterizations, hence there is no loss of generality in analyzing the latter. We do so, of
course, because it is more amenable to mathematical analysis. Analogous to Eq. (24), the distribu-
tion of the reciprocal passage time ν(RRR0) can be written as

Λ(ν) =

∫
R3

d3R0 |ψ0(RRR0)|2 δ(ν(RRR0)− ν) = 4π

∫ ∞
0

dR0 R
2
0 |ψ0(RRR0)|2 δ(ν(RRR0)− ν),

(26)

where the factor of 4π results from integrating over the angular coordinates of RRR0. Substituting
|ψ0(RRR0)|2 = π−3/2e−R

2
0 , and Eq. (25), we arrive at

Λ(ν) =
4√
π

∫ d

0

dR0 R
2
0 e
−R2

0 δ

(
1√

(d/R0)2 − 1
− ν

)
+

4√
π
δ(ν)

∫ ∞
d

dR0 R
2
0 e
−R2

0 .

(27)

The second integral multiplying δ(ν), which we denote by α(d), can be evaluated relatively easily:

α(d) =
4√
π

∫ ∞
d

dR0 R
2
0 e
−R2

0 = − 2√
π

∫ ∞
d

d
(
e−R

2
0

)
R0

= − 2√
π
R0 e

−R2
0

∣∣∣∞
d

+
2√
π

∫ ∞
d

dR0 e
−R2

0 (integrating by parts)

=
2d√
π
e−d

2

+ erfc(d), (28)

where erfc(x) is the complementary error function (see Eq. (2.1.6) of [17]). In retrospect, we see
that α is simply the probability of finding the particle outside the detector at t = 0.3 Equation (27)
can thus be written as

Λ(ν) =
4√
π

∫ d

0

dR0 R
2
0 e
−R2

0 δ

(
1√

(d/R0)2 − 1
− ν

)
+ α(d) δ(ν). (29)

In order to evaluate the remaining integral in (29), we recall a useful identity of the Dirac delta
function:

δ(f(x)) =
∑
n

δ(x− xn)

|f ′(xn)|
, (30)

where xn is a zero of the function f (an x for which f(x) = 0), f ′ denotes its derivative, and the
sum runs over all (real) zeros of f . Choosing

f(R0) =
1√

(d/R0)2 − 1
− ν, (31)

3In real experiments the initial wave function is expected to vanish outside the detector, hence α = 0. Naturally, this
would spare us the technical problems posed by the initial conditions lying outside the detector. However, the time evolution
of such compactly supported wave packets gets quite messy, which is avoided here for simplicity.
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we obtain two zeros, viz.,

R±0 = ± ν√
1 + ν2

d, (32)

and evaluating the derivatives of f at R±0 , we find (applying (30)):

δ

(
1√

(d/R0)2 − 1
− ν

)
=
|R0|3

d2ν3

(
δ(R0 −R+

0 ) + δ(R0 −R−0 )
)
. (33)

Since R−0 < 0, only the first delta function term fires in the region of integration (cf Eq. (29)), the
integral is thus easily evaluated. After a few rounds of simplification, we obtain

Λ(ν) =
4d3√
π

ν2

(1 + ν2)5/2
exp

(
− ν2

1 + ν2
d2
)

+ α(d) δ(ν). (34)

We shall refer to the first (second) summand above as the continuous (singular) part of Λ(ν). The
continuous part has been graphed in Fig. 1 for different values of d.

0.005 0.050 0.500 5
0

5

10

15

20

25

0 1 2 3 4 5
0

2

4

6

8

10

d = 30

d = 10

d = 5
d = 2

ν

ν

Λ(ν)
Λ(ν)

Figure 1. Graphs of the continuous part of Λ(ν) vs. ν for different values of d. Inset:
log-linear plot of the same curves.

The reciprocal passage time distribution Λ(ν) has many interesting properties. First, we see
from Fig. 1 that the continuous part of the distribution becomes sharply peaked as d becomes large,
which implies that the first passage time distribution Π(τ) broadens with increasing d. In fact, as
d → ∞, α → 0 (see Fig. 2 inset), hence the singular part of Λ(ν) vanishes, while the continuous
part tends to δ(ν). This is reasonable, since the particle takes an infinite amount of time to cross a
detector placed at infinity, hence the reciprocal passage time ν = 0 for all Bohmian trajectories.
On the other hand, as d→ 0, i.e. as the detector shrinks to a point, all initial positions of the particle
fall outside the detector volume, hence it never crosses the detector, consequently τ =∞ (or ν = 0)
for all Bohmian trajectories and Λ(ν) → δ(ν). The same conclusion follows from formula (34),
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Figure 2. Graph of mean reciprocal passage time 〈ν〉 vs. detector radius d (cf Eq.
(36)). Inset: Graph of α vs. detector radius d (cf Eq. (28)).

since the continuous part now vanishes as d → 0, while α → 1. Remarkably, in both limits Λ(ν)

approaches a delta function, although for very different physical reasons.

Now, keeping d fixed, we find that the continuous part of Λ(ν) grows as a power law ∼ ν2 as
ν approaches zero, and falls off as an inverse cube:

Λ(ν) ∼ 4d3√
π

e−d
2

ν3
+O

(
ν−4

)
(35)

as ν → ∞. This implies that the mean reciprocal passage time 〈ν〉 exists, i.e. it is finite, while its
variance (or any higher cumulant) does not. Such distributions are said to be ‘heavy tailed’. We can
also calculate 〈ν〉 explicitly:

〈ν〉 =

∫ ∞
0

dν ν Λ(ν) =
4d3√
π

∫ ∞
0

dν
ν3

(1 + ν2)5/2
exp

(
− ν2

1 + ν2
d2
)

+ α(d)

∫ ∞
0

dν ν δ(ν)

=
2 d3√
π
e−d

2

∫ 1

0

dx x−1/2(1− x) ed
2x + 0 (substituting x = (1 + ν2)−1)

=
2 d3√
π
e−d

2

×
Γ(2)Γ

(
1
2

)
Γ
(
5
2

) 1F1

(
1

2
;

5

2
; d2
)

(see Eq. (9.11.1) of [17])

=
8 d3

3
√
π

1F1

(
1

2
;

5

2
; d2
)
e−d

2

, (36)

where 1F1(a; b; z) is the confluent hypergeometric function of the first kind.4 We graph Eq. (36)
in Fig. 2. Note that 〈ν〉 vanishes as d → 0, and as d → ∞, which is consistent with our earlier
observations.

4In Ref. [17] 1F1(a; b; z) is denoted by Φ(a, b; z).
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4. CONCLUSION

In the framework of Bohmian theory, we have derived the empirical first passage time distribution of
a free particle, which has a satisfactory physical interpretation. Generally, these distributions depend
strongly on the initial wave function of the particle. However, some of the features discussed here,
for instance the behavior of Λ(ν) as d → ∞ is rather universal. Therefore, in order to observe our
results in real experiments one must prepare the initial wave function as accurately as possible.

A simple preparation procedure for realizing a desired ψ0 was outlined by W. E. Lamb in [18].
The basic idea involves 1.) setting up a potential well V (rrr) in some region of space, with ψ0 being
the ground state wave function of V , 2.) directing the particle from a source to this region, and 3.)
waiting for radiation damping (or spontaneous emission) to bring the particle to the ground state.
In the final step 4.), the potential V is switched off suddenly, allowing the particle to propagate
freely in space. If the switching off is sufficiently fast, ψ0 is left undisturbed. For preparing the
initial wave function (1) we can choose V (rrr) = 1

2mω
2r2–a three dimensional isotropic harmonic

potential–whose ground state wave function is a well known Gaussian (see § 13.2 of [19]), which

exactly equals (1) with a =
√

~
mω . Therefore, appropriately tuning the trapping frequency ω, one

can fix the width a to any desired value.
A final remark concerning the implications of our results is in order. Formula (24) (or (26))

generally yields results different from other approaches, hence the possibility of experimentally
distinguishing various proposals exists. With state of the art experimental technology, such as at-
tosecond spectroscopy, our proposals might be checked in future experiments. “Although empirical
confirmation of these predictions would not prove the ‘reality’ of the particle trajectory, it would
provide strong circumstantial evidence in its favour, being a test of the particle law of motion” [4].
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