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1.  INTRODUCTION

Neutrinos are massive particles ï SM must be extended

New Standard Model  ª nSM

There is no New Physics (NP) at low 
energy scale – neutrino masses are 
related to GUT scale physics

nSM and model of neutrino mass is 
accompanied by NP at low energy 
scale  (TeV scale).

Such low energy NP can change  neutrino 
oscillation in vacuum and in matter
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Many different extensions of SM are considered :

1. Sterile neutrinos,

2. Heavy neutrinos

3.   Lepton Number Violation (LNV),

and/or

4.  New Vector Current (NVC,)

5.  Flavour Changing Neutral Current (FCNC),

6.  General Fermi Interaction (GFI S,P,V,A,T),

7.  Mass Varying Neutrinos (MVN),

8.  Violation of Lorentz Symmetry (LSV),

9. Principle of General Relativity Violation (PGRV).

10. Large Extra Dimensions (LED),

=>  Non Unitary Neutrino Mixing

ï Neutrino interactions

in matter are modified,

ï Effective neutrino masses

are changed.
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SM works very well ï
Existing experimental data gives

bound on NP parameters

‡
NP effects must be small

There are also other mechanism
which are able to modify (damp)  
neutrino oscillations:
1. Neutrino decay

2. Wave pocket decoherence

3. Oscillation to strille neutrino 

4. Neutrino absorption

5. Quantum decoherence

ï
To earch for NP 
modifications given
by damping effects
should be known
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Experimental data are not precise:
1. experimental oscillation rates,

2. nSM parameters (mixing angles and dm2’s),

3. confusing non-standard neutrino interaction with oscillation.

ï
Will it be 
possible to 
recognize
NP effects?

In any real  experiments, where relativistic neutrino oscillate the measure rate 
is the product of three terms, integrated over neutrino energy ( ):

>  the flux of produced (P) initial neutrinos       ,

>  the probability that, after travelling a distance L, P neutrinos will oscillate into
detected (D) neutrinos:   ,

and

>  the cross section for detection of D neutrinos:      

Oscillation rate (             )
P D→Γ

Eν

P
2

d
L dEν

Γ

P DP (L,E )ν→

D(E )νσ

P D ν→Γ ≡Γ
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We will not consider full oscillation rate, but only

We will not concentrate on any specific model,

Model independent approach 

neutrino mixing matrix is not unitary – neutrino oscillation in 
vacuum will be modified, or (and)

neutrino interaction in matter is modified by NP,

We will not discuss any damping effects,

The impact of NP on the determination of neutrino mixing 
parameters are not discussed

P DD
P

2

ddE ( ) ( ) ( (E ))
L dE

P (L,E )ν ν νν
ν

σ→
Γ

Γ = × ×∫

P DP (L,E )ν→
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The New Physics (NP) can give corrections to all three factors, but
The feature of these corrections are quite different

---- for production and detection factors the effects are L independent 
(trivial        factor appears in the production rate ),

---- the NP in the matter oscillation probability depends on L.
The oscillation probability depends on tha production          and 
detection          states which are not necessary flavour states.   
If we assume e.g. that eigenmass (i) neutrino states are produced in 
the process

then the production (and analogously detection) states are defined in
the way: 

2L

BA   l i +→+ ν

2. WHERE SHOULD WE LOOK FOR
NEW PHYSICS EFFECTS?

P DD
P

2

ddE ( ) ( ) ( (E ))
L dE

P (L,E )ν ν νν
ν

σ→
Γ

Γ = × ×∫

Pν
Dν
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then 
,

with
.

As elements of matrices V are small it is convenient to parameterize 

where         is the standard 3x3 unitary matrix parameterized in the 
standard way

i

3

1i
i 

*
P U1 ν

λ
ν α

α
∑
=

=

αααλ )VV(1 +−=

U⋅= Y U
U

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−−
−−−=

−

2313
i

2313122312
i

2313122312

2313
i

2313122312
i

2313122312

i
1312131213

  
   

 

ccecssscecscss
scesssccessccs
essccc

U
δδ

δδ

δ

P αν ν
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If we parameterize
,

then from unitary condition

we get

,

where 
From low energy physics
bounds on  exist.

Y-IY δ=

++ −= VVIYY

αβαβ )VV(c +=

We will work in the flavour SM orthogonal base

αβc

i

3

1i

*
i νν αα ∑

=

= U

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

τττμτ

μμμδ
cc22c
0c2c
00c

2
1Y

e

e

ee
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In this base the physical state and effective Hamiltonian are 
matrices, e.g. 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

→

P

P

Pe

P

νν
νν
νν

ν

τ

μ

. depends on new physics:

In vacuum:

as           and            are NP dependent,

in matter:

--- NP changes coherent neutrino scattering,
--- effective neutrino masses in matter are changed.

.   Effective Hamiltonian in the flavour base:

L),E(P DP ν→

Pν Dν

NPSMeff HHH +=
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where

and 

and 

There are relations between the parameters:

To find the transition probability                       , we calculate the transition 
amplitude                  .

αβαβ ε c ⇔

L),E(P DP ν→ (t) A  βα →

e F eA 2 E  2 G  Nν=

eSM 2
21

2
31

0 0 0 A 0 01H U 0 m 0 U 0 0 0
2E 0 0 00 0 mν

δ
δ

+
⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥⎜ ⎟= +⎜ ⎟

⎜ ⎟⎜ ⎟⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦

e

e

i i 

-i i NP e

-i -i 

AH
2E

e

e

ee e e

e

e

e e
e e
e e

μ τ

μ μτ

μττ

χ χ
μ τ

χ χ
μ μμ μτ

χχν
τ μτ ττ

ε ε ε
ε ε ε
ε ε ε

⎛ ⎞
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎝ ⎠
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This amplitude satisfy the evolution equation:

; t)(A Ht)(A
dt
di eff

αη
η

ηββα →→ ∑=

Having                      the physical amplitudes can be calculated: (t) A  βα →

t)(t)(t)(A PDDP PD νννννν β
β

β∑==→

const=⇔

⇔

ρ

ρ

γβ

γβ

)t(H

L);(t)(H

0
eff

eff Numerically

Analytically

For not very large baseline, r=const is good approximation

(L);  t)(Heff ργβ ⇔

const;(L)  )t(H 0
eff =⇔ ργβ
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Methods of approximation

For the Earth:                                     and

for neutrino energy in the GeV range two parameters are small:

For smaller neutrino energy (MeV) there is also third small parameter:

33 cm
g11

cm
g2 ≤≤ ρ

001.0
m
AÂ 2

31

e
e ≈=

δ

2
221

132
31

m 0.03;       sin (2 ) 0.05
m

δα
δ

= ≈ Θ ≤
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We can resolve the equation of motion perturbatively:
In the first case if       < 1 or         > 1  :

In the second case if           <<  1  then

eÂ
SM

0

*
0 3 e3

2 2

H (H )  V       where

ˆ(H ) ( A ),       and
2E

V  ,
2E

e eU U

U U

αβ

αβ

αβ αβ

α ααβ β β

α β

α

δ δ

= +

Δ
= +

Δ
=

eÂ

2
31mδ=Δ

The basic 
Hamiltonian has two 

degenerate 
eigenvalues.The 

perturbative methods 
for degenerate states 

must be applied 

3

SM
0

*
0 3

e 2 2

H (H )  V      where now

(H )      and
2E

ˆV (A  ) .
2E e e

U U

U U

αβ

β

αβ

αβ αβ

ααβ

α αβ βδ δ α

= +

Δ
=

Δ
= +

eÂ
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In the first order of perturbative expansion (in the first case) we 
have three effective neutrino mass in matter:

.2sin 
)Â1(4

Â1(
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)Â1(4
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e
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13
2

2

13
2
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+Δ=
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⎟
⎟
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⎟
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Using the perturbative methods we can calculate the first order 
corrections to the eigenvalues and eigenvectors coming from NP 
Hamiltonian:

i
NP

ii
f
ii H λλλλλ +=→

∑
≠ −

+=→
ik ki

i
NP

kk
i

f
ii

H
λλ

λλλ
λλλ

Now the transition amplitudes can be calculated:

where the       matrix diagonalizes the full Hamiltonian:

with

W~

),,diag(W~HW~ f
3

f
2

f
1

eff λλλ=+ f
iiW~ λν ββ =

L
e 2E

i

k

*
k k 

f
k

W~W~t)L(A
λ

αββα

−

→ ∑==
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If now our production and detection states are constructed as in the example

(                                                 )   we can write:βα νννν == DP        ;

;Y1 *
γ

γ
γα

α

ν
λ

ν ∑=P
;Y1 *

δ
δ

δβ
β

ν
λ

ν ∑=D

Then the amplitude                    is:

where now the matrix:

is generally not unitary.

L
2E

f
ki-*

k
k

kDP WW1L)(A
λ

αβ
βα λλ

e∑=→

L)(A DP→

k kW (YW)β β=
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Transition probabilities and results

The transition probability can be calculated:

where

 ;   W W WWT

)TIm(I    ),TRe(R
*

i
*
kki

k i

k ik ik ik i

βαβαβα

βαβαβαβα

=

==

.
4E
L)( f

k
f
iik λλ −=Δ

P D P D 2 2

ik 2 ik
ik ik

i k i k

1P (L) A (L) ( 2 Re(c )

4 R sin 2 I sin2 ),

αβ αβ
α β

αβ αβ

δ
λ λ→ →

> >

≡ = − −

Δ − Δ∑ ∑
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We can decompose the W tensors for three pieces: 

.W WY       

;WW     so

 , WYW W     where
W,  W  )WY)(W(I       W~YW

c
0

0

00

000

δδ

δδ

δδδ
δδδ

ε

=−

=

−=
+⇒+−⇒=

As also 

the full transition probability can be decomposed for two pieces:

NP
ik

SM
ikik Δ+Δ=Δ δ

L)(P  L)(P L)(P NP
DP

SM
DPDP →→→ += δ

SM transition probability Describes corrections 
coming from NP

The NP part can be once more decomposed for two parts

NP interaction in matter

NP change in initial and final                  
neutrino states
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L);(PL)(PL)(P DP
c

DP
NP

DP
εδδδ →→→ +=

L);(PL)(PL)(P mass
DP

int
DPDP →→→ += δδδ ε

Describes NP interaction 
inside matter. 

parameterised in the 
model independent way.

Describes the NP change in 
the production and detection 
states. Depends on the model.

Survive in vacuum

Additional NP interaction 
inside matter

Comes from effective neutrino 
mass change given by NP

By appropriate decomposition of                     in our example we obtain:L)(P DP→

These tensors are respectively real and imaginary parts of the full tensor 
linear in  

ikT βα
k

c)W( αδ

c SM
P D P D

c ik 2 SM c ik SM
ik ik

i  k i  k

P (L) (c c ) P (L) 2 Re(c )

                 4 ( R )  sin 2 ( I )  sin2
αα ββ αβ

αβ αβ

δ

δ δ
→ →

> >

= + − −

Δ − Δ∑ ∑
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In the same way the other parts:

Real and imaginary parts of the tensor
linear in k)W( α

εδ

ikT βα

And finally the mass term:

Now we will concentrate on the model independent “e” part.These 
corrections can be parameterized by the flavour numbers  (e, m, t).
The probability can be decomposed for three pieces: 

massint PPPP βαβαβαβα
δδ →→→→

++= SM

int ik 2 SM ik SM
P D ik ik

i  k i  k

P (L)  4 ( R )  sin 2 ( I )  sin2 ,ε ε
αβ αβδ δ δ→

> >

= − Δ − Δ∑ ∑

mass SM ik SM SM ik SM NP
P D ik ik ik

i  k

P (L)  (4(R )  sin2 2(I )  cos2 ) .αβ αβδ δ→
>

= − Δ + Δ Δ∑
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Pme = P0me + dTme + dSme;

P0me=
a2c232s2122Sin@ADelD2

A2c132
−Has212s213s223Cos@DelDCos@deltaDSin@ADelDSin@Del−ADelDLêHH−1+ALAc13L+

s2132s232Sin@Del−ADelD2

H−1+AL2
+Has212s213s223Sin@DelDSin@ADelDSin@Del−ADelDSin@deltaDLêHH−1+ALAc13L;

dTme=

ai
k
jj2c23ens212Cos@chienDSin@ADelDHAs232 Sin@H−2+AL DelD+H2H−1+ALc232+As232LSin@ADelDL

H−1+ALA2
+

c232 ets212s23Cos@chietDHACos@2DelD−ACos@2H−1+AL DelD−2H−2+ALSin@ADelD2L
H−1+ALA2

+

c23ens212s232 Sin@chienDHSin@2DelD−Sin@2H1−AL DelD−Sin@2ADelDL
H−1+ALA

+

c232 ets212s23Sin@chietDHSin@2DelD−Sin@2H1−AL DelD−Sin@2ADelDL
H−1+ALA

y
{
zz+

s213
i
k
jj 1
H−1+AL2 A

 

Iens23I−c232 +Ac232 +2As232 +H−1+ALc232Cos@2DelD+Ic232−Ac232−2As232MCos@2H−1+AL DelD+c232Cos@2ADelD−Ac232Cos@2ADelDM

Cos@chien+deltaDM−
c23ets232H−1−A+H−1+ALCos@2DelD+H1+ALCos@2H−1+AL DelD+Cos@2ADelD−ACos@2ADelDLCos@chiet+deltaD

H−1+AL2A
+

c232 ens23H−Sin@2DelD+Sin@2H1−ALDelD+Sin@2ADelDLSin@chien+deltaD
H−1+ALA

+

c23ets232HSin@2DelD−Sin@2H1−AL DelD−Sin@2ADelDLSin@chiet+deltaD
H−1+ALA

y
{
zz;

dSme= 0;
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For check we have calculated all probabilities
(a, b) = {(e,e), (e,m), (e,t), (m,e), (m,m), (m,t), (t,e), (t,m ), (t,t)}

As NP is parameterized by hermitian Hamiltonian oscillation 
probabilities are conserved: 

τμα
β

βα
,e,   allfor    ,1P

 all
==∑ →

What is more interesting, for each a we have separately: 

The general structure of the SM oscillation probabilities is the next:

.0P    ,0P   ,1P
 all

mass

 all

int

 all

SM === ∑∑∑ →→→
βββ

βαβαβα
δδ
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The not-suppressed terms,             appear in (bg) = {(mm), (mt), (tt)} 
channels only, and are the same for all channels:

The CP violating phases exist in the appearance channels only (as 
should be), and are the same for each channel: 

SM 2

2
13 1

0

3 

βγP  A  A

sin 2 A  sin2  A .

A
ss

α αα
β γ βγ βγ

βγ
α

β

βγ

γδ α α

θ α θ
→ = + + + +

+

2 2 2
23 

0
31where

Lsin 2  sin ;           m
2

A
Eβγ θ δ= ± Δ Δ =

e e
12 13

e e

ˆ ˆsin[ ]sin[A ]sin[(1 A ) ]sin2  sin2 sinˆ ˆA (1 A )
A sα

βγ θ θ δΔ Δ − Δ
= ±

−

0Aβγ
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The NP terms have general structure:

Unfortunately, the NP not suppressed terms appear also in (bg) = {(mm), 
(mt), (tt)} only and are equal:

The second mass term            has different dependence on the baseline L 
and neutrino energy.

0int
13 13

mass
13 1

0
3

P  B sin2 B 0( ,sin2 );

P  C sin2 C 0( ,si )C

B

n2 ;

s

s

α
β γ β γ β γ

α
β γ

β

β γβ β

γ

γγ

δ α θ α θ

δ α θ α θ
→ → →

→ → →→

→= + + +

= + + +

0Cβγ

2
23 23 23

2
23 23 23

0

0 sin4 sin2 ( ) 2cos2 cos[ ]  sin [ ];

C

B { }

{ }sin 2 cos2 ( ) 2sin2 cos[ ]  sin[2 ];β

μμ ττ μτ μτ

μμ ττ μτ μτγ

βγ θ θ θε ε ε χ

θ θ ε θε ε χ

=± − + Δ

=±Δ − + Δ
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The NP CP violating terms are  a or sin(2q13) suppressed and appear in the 
interaction terms, not in the mass terms:

The NP CP violating           phase, and term do not appear in the 
approximation which we consider,

e e

e e

0

0

B sin[ ] sin[ ];

B sin[ ] sin[ ];
e e

s
e e

h h h

k k k
μ τ

α
β γ μ μ τ τ

β γ μ μ τ τμ τ

χ χ

χ χ

ε ε

ε δ ε δ
→

→

= + +

= + + + +

μτχ eeε
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Connections between parameters

Two examples:
Models with non decoupling heavy neutrinos and left handed current 
interaction,
The Left-Right symmetric model.

In the first case:

j 
,,

*
i j i

wherejj i5

n

1ji,
i

WW

ii 5
,,

n

1iW

)()(                                                          

   , Z )1(
cos4sin

e

; ..W))(1(
sin22
e

αν
τμα

αν

μ
μ

μαν
μ

τμα
α

γγ
θθ

γγψ
θ

UU

NNL

chNUL

e

NC

e
CC

∑

∑

∑ ∑

=

=

−

= =

=Ω

Ω−=

+−=
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In this case the HP Hamiltonian is equal

;
000
000
001

E(1)   N EG 22A

 Y])Y[
2

AY]E(1)E(1)Y[A(
2E
1H

     andnFn

  wheren
e

NP

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
==

+++−= ++ δδδδ

Now we can easy find relations between “c” and “e” coefficients:

e

ee

e ≠=

+−=

βααβ
χ

αβ
αβε

ε

,for  

e

ni

e

n
ee

   c
2A
A

; )
2A
A1(c
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In the Left – Right symmetric model

If neutrinos are Dirac particles

)
cos2

sin211(HHH
2

HNLR
Dirac

NP

W

W

θ
θγρδδ −

+→==

2
Z

2
Z

2

1

M
M

=γ

If neutrinos are Majorana  particles

2
W

2
W

2

1

M
M

=β 'V V U+=

NP LR LR
Majorana Dirac

4
W

e n
W

H H H

cos     A (V E(1)V) A ( )
cos2

Y Y

δ δ

θβ γ δ δ
θ

+ +

= =

− − +
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Then connection between the “e” and “c” terms are the next:

For Dirac neutrinos, the same as in the previous example.

For Majorana neutrinos:

.
Mcos

M
         

,
cos2
cos  );

cos2
sin211(         

; )VV()
2

(
A
Ac

2
WW

2

2
W

with     

W

W
4

"

W

W
2

'
  where

N
*
N

"
'

e

n

2

1

ee

θ
ρ

θ
θρρ

θ
θγρρ

βγρρε βααβαβ

=

=
−

+=

−−=
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2. NON-UNITARY NEUTRINO  
OSCILLATION.

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= '' UV

VU
U ν

Grossmann;

Gonzalez-Garcia, 
Grossman, Gusso, 

Nir;

Czakon, Gluza,
Z.M:

Beckman, Gluza, 
Holeczek, Syska,

Z.M;

Bilenky, Giunti.

Matrix U’ = (nR x nR)

Matrix U = (3+ns) x (3+ns)

Three flavour + sterile neutrinos

Heavy neutrinos
In this lecture we will not  consider specific models
which can produce non-decoupling for light neutrino.
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ii ≡ν

ανα ≡

ii ≡ν

Eigenmass states in vacuum

Eigenmass states in matter

3 ,2 ,1=i

τμα ,,e= Flavour eigenstates. States for 
production and detection process

3 ,2 ,1=i

All bases are orthonormal, so:

 W       , W
,,

3

1

* αα
τμα

αα ∑∑
==

==
e

i
i

i ii

    ,U         ,U
,,

3

1

* αα
τμα

αα ∑∑
==

==
e

i
i

i ii

 W~         ,W~
3

1

*
3

1

ikki
i

ki
k

ki ∑∑
==

==

UW~W =
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Neutrino states in general case

ii ≡ν n,.....,3 ,2 ,1=i

ii ≡ν n,.....,3 ,2 ,1=i

ανα ≡ .,,,..,..,,= τμτμα NNNse e

i
i

i
i

ii
i

U νννν ααανα ∑∑∑
n

1+n+3=

*
i

n+3

1=

*
i

n

1=

*

s

s

V+U  =  )(=
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i
i

i
i

νν
λ

ν αα
α

α ∑∑
ss n+3

1=

*
i

n+3

1=

*
i U~  ≡U

1
  =  ~

Experimentally produced neutrino flavour states:

   U=U~ i
1-

i ααα λτμα ,,= e

I≠ U~U~ +

;≠for    1≠~~ βανν βα  1=~~
αα νν

I≠ U~U~ +

This mixing matrix is not unitary
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As before we parameterize;

and

where         is the standard 3x3 unitary matrix parameterized in the way:

.

αααλ )VV(1 +−=

U

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−−−
−−−=

−

2313
i

2313122312
i

2313122312

2313
i

2313122312
i

2313122312

i
1312131213

  
   

 

ccecssscecscss
scesssccessccs
essccc

U
δδ

δδ

δ

)/,/,;~
τμ λλλΛΛ 1 1 diag(1/    YU e== UU  Y U= ⋅
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And once more
,

then from unitary condition of the full mixing matrix

we can parameterize

where 

Y-IY δ=

++ −= VVIYY

αβαβ )VV(c +=

From charge lepton proceses there are bounds on the c parameters

0082098402 ..N     )( invisible
invisibleZ ±==→

νν
ν Γ

Γ
Γ

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

τττμτ

μμμδ
cc22c
0c2c
00c

2
1Y

e

e

ee
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→ μννμ   e e   τμ ννμτ→

 ,→  ,e e μμνπνπ →

→ ,  e e μννμ ,  τμ ννμτ →

decay,  Kl3 decay,   β

Langacker, London;

Nardi, Roulet,  Tommasini;

Bornaboim,Bernabeu, 

Jorlskog,  Tommasini;

Bergman, Kagan;

Ilana, Rieman;

γμ e→

;.c

;.c

;.cee

0160

00940

00540

2

2

2

≤

≤
≤

ττ

μμ
..c

;.ce

010

00010
2

2

≤

≤

μτ

μ
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Neutrino Propagation in  Matter

Let us assume that our neutrino interactionin has general form:

n = 3 + ns+ nR

Everything is much more convenient to consider in the neutrino mass basis

Based on: B.Bekman, et. al.,

Phys. Rev.,D66(2002)093004.

j 
,,

*
i j i

wherejj i5

n

1ji,
i

WW

ii 5
,,

n

1iW

)()(                                                          

   , Z )1(
cos4sin

e

; ..W))(1(
sin22
e

αν
τμα

αν

μ
μ

μαν
μ

τμα
α

γγ
θθ

γγψ
θ

UU

NNL

chNUL

e

NC

e
CC

∑

∑

∑ ∑

=

=

−

= =

=Ω

Ω−=

+−=
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e-,p,n
n

n

Interference

Neutrino interaction are described by the LCC and LNC Lagrangians

COHERENT NEUTRINO SCATTERING IS DESCRIBED
BY THREE TYPES OF FEYNMAN DIADRAMS

No interference
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All three diagrams 
contribute to 
neutrino - electron 
scattering:

-
k

-
i enen +→+

Only this diagram contributes 
to neutrino- nucleon scattering:

 np,   f      f;nfn ki =+→+

Bergmann,Grossman,Nardi(99)

Bekman,Gluza,Holeczek,Syska,MZ(02)
Bergmann, Grossman, Nardi
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For                             , the effective interaction of light 
neutrinos with background particles can be written in the form:

2
Z

2
W

2 M,M<<q

])gg(][nn[ 
2

G)x(H 5k

3

1, A,V
i

F
int f

ki
fa

ki
fa

a
fa

ki a

f ψγψ +ΓΓ= ∑ ∑
= =

where
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Amplitudes for forward scattered fermions f (their momenta and spins are 
untouched) is defined as:

Let                  describes a distributions of momentum (p) and spins (l) of 
the background particles f, normalized in such a way that Nf , defined as

),p( λρ f

Let us define the average amplitude for fermions (f) forward scattering:

is the number of fermions f in a unit volume (V=1).
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And the effective sum over all fermions:

Then the global effect of matter – light neutrino interaction can be described 
by the Hamiltonian

∑
=

=
3

1,
ikikint nVn)x(H

ki

The amplitudes Mf can be calculated (u+u = 1):

where Ef,, mf  and                                     are energy, mass and spin 

four – vector of the f fermion. 
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So finally, for the effective potential V we obtain:

where

and the symbol             is defined as:z



Marek Zralek             
Univ. of Silesia

WHEPP-9, Bhubaneswar, 2006 47

For the (k,i) matrix of the element of the Hamiltonian (in the eigenmass
base) we obtain:

For relativistic neutrinos:

We obtain the final, general Hamiltonian for neutrino 
interaction with background fermions:
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We see that our Hamiltonian has the properties: Valid for V-A 
neutrino 

interaction

So the most general Hamiltonian for light relativistic neutrinos which interact 
in the V-A way, propagating in any background medium has the form: 

kikiki A
k
k-AH 0int =

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+= ∑

= f

fki
ff

f

fki
f

npef
fki

S
E

gm
E
p

gNG2A VV
,,

F

μμ
μ
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NORMAL MATTER

unpolarized:

isotropic:

electrically neutral:

0=fλ

0p =f

npe NNN ≠=

We arrive to the simple Hamiltonian which has (3 + ns) x (3 + ns) 
dimension

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⇒=

000
000
001

NG2NG2H FF
int

eeee ββαβ δδ
Which in the standard case 
(ns=nR=0) reproduce (in the 
flavour base) the well known 
Hamiltonian (a, b = e, m, t):

],N
2
1UUN[G2H kinei

*
ekeF

int
ki Ω−= ρ
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If a single sterile neutrino is present (ns=1, a, b = e, m, t, s)):

];N
2
1[NG2U

2E
mUH ssneeeF

2

βαβα
αβ

αβ δδδδ ++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ Δ
= +

The energy and momentum conservation do not allow heavy
neutrinos to be produced or detected

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⇒

00
0H

   H
int

int

3+ ns nR

WE WILL CONSIDER CASES WHEN AT LEAST ONE NON-DECOUPLING HEAVY 
NEUTRINO EXIST;  

nR ¥ 1
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If no sterile neutrinos are present  (ns=0) but nR = 1,2 ..

}];ccc2{N
2
1          

}cc)(c{[NG2U
2E
mUH

,e,
n

eeeeeeeF

2

∑
=

+

−+

++−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ Δ
=

τμγ
γβαγαβ

βαβααββα
αβ

αβ δδδδ

If a single sterile neutrino (ns = 1) and some heavy neutrinos exist (n = 4 + nR)

}];cc)2(c{N
2
1          

}cc)(c{[NG2U
2E
mUH

,e,
ssssn

eeeeeeeF

2

∑
=

+

−−−++

++−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ Δ
=

τμγ
γβαγβααββα

βαβααββα
αβ

αβ

δδδδ

δδδδ
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And generally in the full flavour base:

αβ

αβ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⇒

++

++

V'HV'UHV'
V'UHUUH

H
effeff

effeff
Even we consider the 
problem of light neutrino 
propagation only, in the 
flavour basis  we have 
to deal with (3 + ns+ nR) 
dimensional matrices

No heavy mass eigenstates can experimentally be produced     the 
properly normalized light neutrino states produced in real experiment:

i
i

i
i

νν
λ

ν αα
α

α ∑∑
ss n+3

1=

*
i

n+3

1=

*
i U~  ≡U

1
  =  ~

Usual notation of flavour neutrino loose its meaning. 
Neutrino created with electron can produce muon and tau.
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Propagation equation in the experimentally accessible states:

;t)(~H~t)(~
dt
di ψνψν β

β
αβα ∑=

;.

..........

..0000

..0
2

N-00

..0
2

N0

..000)
2

NN(

U~U~G2U~

..........

..m000

..0m00

..00m0

..0000
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E2
1U~HU~H~

n

n

n
e

2
F

1-

2
41

2
3

2
21
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⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−

−

+

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

== +λ
δ

δ
δ

where the Hamiltonian is not hermitian:

If we assume that the initial
neutrino states is: 

( ) = ( )αψ ν0 0

The initial condition:

);c()()0(~~ 1
αβαββααβ δλλνν −= −
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In the eigenmass basis  the propagation equation:

;t)(~Ht)(~
dt
di i

n3

1i
ki

s

αα νννν ∑
+

=

=k

is simple , Hamiltonian is hermitian:

U.
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..0
2
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..0
2

N
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..000)
2

N
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⎟
⎟
⎟
⎟
⎟
⎟
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⎜
⎜

⎝

⎛

−

−

+

⎟
⎟
⎟
⎟
⎟
⎟
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⎜
⎜
⎜
⎜
⎜

⎝

⎛

= +

δ
δ

δ

The initial condition:
*

k
1

k U)0(~
ααα λνν −=
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Nonorthogonality of neutrino states has some impact 
on theoretically calculated amplitudes:

Y)XA(UUY)XA(UY)XA( 0m

n3

1i
i

*
i

1
i

n3

1i

*
i

1
ss

−
=

+

=

−−
+

=

−− →≅→=→ ∑∑ ββααβααβα νλνλν lll

Y)X(cY)X(
22- −− →−=→ ββαβαβαβα νσδλνσ ll SM

and cross sections:
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Oscillation of light Neutrino

Oscillation of 3 light (no sterile) with at least one heavy will be considered:

( )' ' '
R R RV' = V , V , V1 2 3

i i'
Ri ei e i iV = -U - U e - U eμ τχ χ

μ μ τ τε ε ε

; 
e
eV

i-

i-
e

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

τ
χ

μ
χ

ε
ε

ε

τ

μFor one heavy
neutrino:

'* '
ik ik Rk RiΩ = -  V V ,    i,k = 1, 2, 3.δ

]),N
2
1UUN[EG2m(

2E
1H kinei

*
ekeFik

2
i

int
ki Ω−+= δ

Then full neutrino interaction Hamiltonian in the eigenmass basis:

With the W matrix:
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Effective Hamiltonian can be diagonalized:
Effective neutrino 
mass in matter

and the propagation equation takes the form:

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=Ψ

t)(~
t)(~
t)(~

t)(

3

2

1

α

α

α
α

νν
νν
ννwhere:

For neutrino propagation in a uniform density medium
equation of motion can be solved analytically.

; (t)W)mdiag(W
2E
1

t)
dt
d

i 2
i

αα ΨΨ ~~~( +=

; W)mdiag(W
2E
1

H 2
i

eff ~~~ +=
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The equation of motion together with the initial condition give:

and the amplitude for the na ö nb oscillation after travelling 
a distance L can be calculated:

=== ∑
=

→

3

1i

L
2E
m~

i-*
ii

2
i

eWWt)L(~~L)(A αβαββα νν

= ∑ ++

i
i

2E
m~

i-
kik )U~W~(e)W~()t(Ψ

2
i

α
α

i
1

k

*
ikk

1
ii WW~U)W~U~(W αααααα λλ −−+ ≡== ∑

Where the new tensors are defined by:
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Now we can calculate the transition probability:

;L)(AL)(P
2

βαβα →→ =

And we have:

]}sin2Asin22[A                                                 

sinsinsinI8sinR4)c{(1L)(P

32
(2)

31
(1)

ki
323121

12
ik

2ik2
22

Δ+Δ+

+ΔΔΔ+Δ−−= ∑
>

→

αβαβ

αβαβαβαβ
βα

βα δ
λλ

Where:

]WWWRe[WR *
i

*
kki

ik
βαβααβ = ]WWWIm[WI *

i
*
kki

ik
βαβααβ =

]cWIm[WI)c(A *
k

*
i

ik(i)
αββααβαβαβ ==

E[GeV]
L[km]]eV)[m~-m~(267.1

22
k

2
i

ik =Δ



Marek Zralek             
Univ. of Silesia

WHEPP-9, Bhubaneswar, 2006 60

The transition probability for Dirac antineutrino or Majorana 
neutrino with  l=+1 can be obtained after the replacement:

)GG,UUL;(PL)(P FF
* −→→= →→ βαβα

We can find now the CP and T asymmetries:

)]}G(sin2 )(-GA)G(sin2 )(-GA    

)G(sin2 )(GA)G(sin2 )(G[A    

 -)](-G)sin(-Gsin )(-Gsin )G(I     

  )(G)sin(Gsin )(Gsin )G(I [4

)]G(sin )G (-R)G(sin )(G[R 2{12

P P P

F32F
(2)

F31F
(1)

F32F
(2)

F31F
(1)

F32F31F21F
12

F32F31F21F
12

Fik
2

F
ik

Fik
2

ki
F

ik
22

CP

−Δ+−Δ

+Δ+Δ

ΔΔΔ−

+ΔΔΔ−

−Δ−Δ−

=−≡Δ

∑
>

→→→

αβαβ

αβαβ

αβ

αβ

αβαβ
βα

βαβαβα

λλ
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]sin2 Asin2 A                                   

 sinsin sin 4I [14P P P

32
(2)

31
(1)

323121
12

22
T

Δ+Δ

+ΔΔΔ=−≡Δ →→→

αβαβ

αβ
βα

αββαβα λλ

Nonunitarity  of mixing matrix produce two types of effects:

R and I tensors depend on e and c parameters ,

Additional new terms proportional to A appear.

Seen in numerical analysis More spectacular, survive in vacuum
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Non - Unitary Effects in Neutrino Oscillation

)(P)(P TCP vacuumvacuum βαβα →→ Δ=Δ

In vacuum GF  → 0

For a = b 0=(i)Aαα

0===→ )vacuum(PΔ)vacuum(PΔ)matter(PΔ CP
→

T
→

T
αααααα

Normal medium is matter (not antimatter) 

0PCP ≠→ )(matterααΔ

and heavy neutrinos make this effect stronger:
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for unitary oscillation in vacuum, the CP and T asymmetries
for LBL disappear. Contrary, in the non-unitary oscillation:

0      ),1(0 213231LBL ≅Δ≅Δ≅Δ≈Δ

0)(P)(P CPT ≠Δ=Δ →→ vacuumvacuum βαβα

LBL
*

3
*

3

LBL
(2)(1)T

→

Δsin2 )cWIm(W-                            

Δsin2 ) A A ((vacuum)PΔ

αββα
βα

αβαβ
βα

βα

λλ

λλ

22

22

1
4

1
4 =+=

CP and T asymmetries appear even for two flavour neutrino transitions.

, and

and
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For unitary 3 flavour transitions, moduli of all Jarlskog invariants 
are equal and all T and CP asymmetries in vacuum  are equal, 
eg.

In unitary case, if any elements of the mixing matrix is small 
(vanish) then above asymmetries are also small (vanish), eg.

TTT PPP ee →→→ Δ=Δ=Δ ττμμ

)(sin PΔPΔ 2CP
→

T
→ 132θβαβα ≈=

In the non-unitary case the Jarlskog invariants are not equal, and:

])W~VVW~(WIm[W-I         

])W~VVW~(WIm[WII

ik
T'*T'*

ki
ik
e

ik
T'*T'*

ki
ikik

ee

e

τ

μμμτμ =+=
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]cWIm[WI-         

]cWIm[W-II
*

1
*

1
13

*
2

*
2

2312

αββααβ

αββααβαβ

+

==
And

The above relations and terms proportional to A tensors imply:

TTT PPP ee →→→ Δ≠Δ≠Δ ττμμ

We have calculated  the differences ΔP and asymmetries 
defined by:

τμτμ

τμ
τμ

→→

→
→ +

Δ
=

P P
P

A
CP

CP

μττμ

τμ
τμ

→→

→
→ +

Δ
=

P P
P

A
T

T
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P
A
R
A
M
E
T
E
R
S

Standard, best fit values for mass square differences and

mixing angles (we do not consider error for them),

L= 295 km   and L = 732 km,

Energy E = 0.1 – 30 GeV,

madium density r = const = 2.6 g/cm3,

Ye= 0.494,

The e parameters:

A) ee ~0.001, em = et ~ 0.1;

B) ee =em ~ 0.01, et ~ 0.1

]
GeV

E[ ]
0.5
Y[ ]

g/cm
[10 x 7.63ENG22]eV[A e

3
5-

eF
2

e
ρ

==

]
GeV

E[ ]Y-[1 ]
g/cm

[10 x 7.63ENG22]eV[A e3
5-

nF
2

n
ρ

==
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Hatched region

0  <  dCP  <  2p

Shaded region

0  <  ci   <  2p

Tan2 (2θ13)  =0.005
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Θ13 = 0

Shaded region  - effect of nonunitarity

Earth effect: (ΔP ∫ 0) even for unitary neutrino oscillation

Shaded region:
0  <  ci <  2p
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A) ee ~0.001, 

em = et ~ 0.1;

m → t transition in vacuum for 250 km

0  <  dCP  <  2p

0  <  ci   <  2p

CP0 δ π≤ ≤
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m → t transition in vacuum for 250 km

B)  ee =em ~ 0.01,

et ~ 0.1

0  <  ci   <  2p
CP0 δ π≤ ≤
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m → t transition in vacuum for 732 km

A)  ee ~0.001,

em = et ~ 0.1;

0  <  ci   <  2pCP0 δ π≤ ≤
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m → t transition in vacuum for 732 km

A)  ee ~0.001,

em = et ~ 0.1;

0  <  dCP  <  2p

0  <  ci   <  2p
C P0 δ π≤ ≤
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Resonance  phenomena,

For unitary neutrino oscillations, the effective mixing angle sometimes has 
resonance behaviour:

;
Δ 12

22
θcos2→

m
NkG

2
21

eF

1→sin2 effθ

And we see, that for:

Θ12 mixing angle bacomes maximal:
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F. del Aguila & M.Z.

Acta Phys. Pol. 
B33(2002)2585

We have checked the resonance behaviour in the case 
of two non-unitary mixing neutrinos

The effective mixing angle in this case is given by:

with
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There are two kinds of  new effects

The effective mixing is not maximal:

The resonance has a new position:

1 -1c sin2 22
13eff ≠=→ εθ

2
F

122
21

2 2G k
(1 ) cos2

m 2
ε θ− →

Δ
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4. EFFECTS OF RIGHT – HANDED

CURRENTS.

Let us assume that the effective Hamiltonian which descsibes the coherent
neutrino – background matter particle scattering has the following form

Neutrino transition n Ø m 
matrix element:
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Or more explicitely

(                        for  hermitian: S,V,A,T) (                          for antyhermitian: P)
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For relativistic neutrinos
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For   V-A

If both V – A and V+A exist
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Let us assume the general interaction Lagrangian in the form:

SM  is reconstructed for: L R1,   0,    i iUα αε ε δ= = =

So we assume:
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We can calculate effective
Hamiltonian which describe neutrino 
propagation in matter (uncharged, 
unpolarized, constant density) :
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D MP = P PΔ − 0    P 0η → ⇒ Δ →
In the example which we consider:

Present experimental values for                              and their errors; 

Future experimental errors ---1%

,                ,

2
ij ij  and   mθ δ

N -2
R  10νε ≈ 1η ≤ 0 , 1χ ω≤ ≤

3
3 for L= 1000 km

[ / ] 5 for  L = 6500 km
7 for  L = 13000 km

g cmρ ρ= =
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20%
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5. SUMMARY

1. In all channels without electron neutrino the New Physics
effects are not suppressed by powers of a and sin2q13,

2. NP CP violation effects are suppressed by powers of a and
sin2q13,

3. In the case of non-unitary mixing, CP is violated even with no 
mixing between first and third families (q13 ö 0),

4. Other effect, like the sum of probabilities not adding to 1 or 
modified resonance effects will be difficult to discriminate,

5. The  NP additional V+A neutrino interaction potentially gives
chance to distinguish between Dirac and Majorana neutrinos


